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ABSTRACT: Motivated by recent works on the enumeration of Coxeter groups by the parity of descent positions,
we prove a formula for the generating function of the vector statistic (odesg,edesg, colg, f) over the group
of colored permutations G(r,n). Here odesg, edesg, colg and £g denote the number of odd descent positions,
even descent positions, colors, and length of colored permutation, respectively. This generalises and unifies
several known results over Coxeter groups of type A and B. In particular, a special case of our formula permits
to evaluate the signed alternating descent polynomials over G(r,n) by the usual Eulerian polynomials, which
extends Dey and Sivasubramanian’s recent results in the special cases when r =1, 2.
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1. Introduction

For any positive integer n, let &,, be the symmetric group of permutations of [n] := {1,2,...,n}. Given a
permutation 0 = o1 -0y, € &, an index ¢ (1 < i <n —1) is a descent (respectively, ascent) of o if 0; > 0,41
(respectively, o; < 0;11). The number of descents (respectively, ascents) of o are denoted by des(o) (respectively,
asc(o)). A descent i of o is an odd descent (respectively, even descent) if i is odd (respectively, even). Let
odes(o) (respectively, edes(o)) denote the number of odd (respectively, even) descents of o. Similarly, we define
the number of even (respectively, odd) ascents by easc (respectively, oasc). The inversion number (inv) of o is
the number of pairs (4, j) € [n| x [n] such that o; > o; and ¢ < j.

It is well known that the enumerative polynomial of permutations of [n] by descents is the Eulerian polyno-
mial A, (z), which can also be defined by the exponential generating function [15,19, Chap.1]

ZA,L(Q;)% - v (1.1)

= x —exp((z — 1)t)’

In 1973 Carlitz and Scoville [7] enumerated permutations according to the parity of both descents and as-
cents. Recently, Pan and Zeng considered the problem of enumerating permutations by the vector statistic
(easc, oasc, edes, odes, inv) and established the exponential generating function [14, Theorem 1.1]. The following
is one of the four equivalent forms of their formula [14, Eq. (1.6)].

Theorem A (Pan and Zeng). Let M = /(1 —z)(1 —y). We have
" des(o), edes(c) . inv(c)
Z 1 Z odes ye es q

n>1 (]! oEG,
(I +x)cosh(Mt; q) + M sinh(Mt; q) — x(cosh?(Mt; q) — sinh®(Mt; q)) — 1 (12)
B 1 — (z 4 y) cosh(Mt; q) + zy(cosh® (Mt; q) — sinh?(Mt; q)) ’ .
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where
t2n t2n—1

cosh(t; q) = , sinh(¢;q) = —_—
TLEZ:O [2n],! Z 2n — 1],!

n>1 [

(1.3)

with [0],! =1 and [n]! =], (1+q+---+¢"*) forn>1.

As shown in [14], Formula (1.2) is a g-analogue of Carlitz-Scoville’s formula [7, Theorem 3.1] and encom-
passes both Stanley’s formula for the bi-statistic (des,inv) [18] and Chebikin’s formula for alternating descent
polynomials [8]. In a follow-up, among other things, Dey, Shankar, and Sivasubramanian [10, Theorems 1.5 and
1.8] established analog formulas of Theorem A for types B and D Coxeter groups. The following is one of their
type B formulas [10, Theorems 1.5], which is also a g-analogue of a formula due to Pan-Zeng [14, Theorem 1.4].

Theorem B (Dey, Shankar, and Sivasubramanian). Let M = /(1 —z)(1 —y). We have

Z (tinl Z deESB (o) yedeSB (o) qian (o)

S g aalnle! 5
(1 =y)((1 — z cosh(Mu; q))cosh g (Mt; q) + 2 sinh(M¢; q)sinh g (Mt; )
1 — (z 4+ y) cosh(Mt; q) + zy exp(Mt; q) exp(—Mt; q)
M ((1 — ycosh(Mt; q))sinhg(Mt; q) + ysinh(Mt; g)coshp(Mt; q))
1 — (z + y) cosh(Mt; q) + zy exp(Mt; q) exp(—Mt; q)

?

where

t?n t2n71

coshp(t;q) = Z

n>0

(—=q: q)2n[2n]4!” sinhz (f:0) = T; (—4; @)2n—1[2n — 1]/

(1.4)

and odesp (respectively, edesp and invp ) denotes the number of odd descent positions (respectively, even descent
positions and inversions) over type B permutations in B,, see Remark 2.3.

In this paper, as a natural continuation of the work done in [10,14], we provide a formula for the generating
function of the vector statistic (odesq,edesg, colg, £g) over the group of colored permutations G(r,n), which
permits to put Theorems A and B under the same umbrella. Here odesg (respectively, edesg, colg and £¢g)
denotes the number of odd descent positions (respectively, even descent positions, colors, and length) of per-
mutation. We shall achieve our goal by extending Dey, Shankar, and Sivasubramanian’s arguments in type B
Coxeter groups [10].

The study of signed Eulerian polynomials was initiated by Loday, Désarménien, Foata, Wachs, and Reiner
in the 1990’s and has attracted great attention of researchers [9,13,16,17,21], with two recent references
being [11,12]. The alternating descent statistic on permutations was introduced by Chebikin [8] as a variant
of the descent statistic. Dey and Sivasubramanian [11] further studied the signed enumeration of alternating
descents for classical Weyl groups. Applying our generating function formula for colored permutations (see
Theorem 2.1), we shall evaluate the signed alternating descent polynomials over G(r,n) by the usual Eulerian
polynomials. The resulting formula (see Theorem 2.2) extends Dey and Sivasubramanian’s recent results in the
special cases when r =1, 2.

The rest of this paper is organized as follows. We introduce definitions and main results, i.e., Theorem 2.1
and Theorem 2.2 in Section 2 and prove them in Section 3 and Section 4, respectively.

2. Definitions and main results

For positive integers m and n with m < n, we denote by [m,n] the set {m,m + 1,...,n}. The cardinality of a
set A will be denoted by |A|. For r,n € P, we define the wreath product Z, ! &,, of Z, by &, i.e., the group of
colored permutations G(r,n), by

G(r,n) :={(c1,...,cn;0) | c; €[0,r = 1,0 =010, € &, }. (2.1)
The product in G(r,n) is defined by
(o) -(sm)=(cr+¢ uyosent+ a5 00T),

where the addition + is in Z, and composition o in &,,. The entry ¢; is called the color of the o;, for 1 <i < n.
The elements of Z, ! &,, can be viewed as r-colored permutations, see Steingrimsson [20] and Bagno et al. [2].
We will represent an element v € G(r,n) in window notation as

Y= [’7(1)7"'1’7(”’)] = [Jil""ao—fz"]’
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and call o; the absolute value of (i), denoted by |y(7)|. For v € G(r,n), we define the color set of v by
Colg(y) :={i € [n] : ¢; # 0}

and its size will be denoted by colg(y). If ¢; = 0, it will be omitted in the window notation. For example,
v = [3%,2,13,42,62,5!] € G(5,6). The group G(r,n) is generated by Sg := {so,51,.-.,8,_1}, Where for
i€n—1]

sii=[1,...,0— 1,04+ 1,i,i+2,...,n] and so:=[1%,2,...,n],

with relations given by the Dynkin-like diagram (see Figure 1).

Figure 1: The Dynkin-like diagram of G(r,n).

The length of v € G(r,n) is the minimal number of generators in S whose product is 7,
lg(y) :==min{r e N:vy =5 ---s;_, for some s;; € Sg}. (2.2)
Thus, the descent set of v € G(r,n) is

Desg(7y) :={s € Sg : La(vs) < La(v)}

and its size is denoted by desg (). To give a combinatorial description of ¢ and Desg () we use the following

linear order

nl<oo<nt< <1 <<t <0<l< < (2.3)

on the set {0,1,...,n,1 ... nt ... 1771 ... n"1} of colored integers (see [4]). If v = [y(1),...,7(n)] €
G(r,n), the length of ~y is then characterized by (see [3,16,20])

lo(y) =iv(y) + Y (@) +e—1), (2.4)

Ci;ﬁo
where the inversion number is defined by
inv(y) = [{(i,4) : 1 <7 <j <n, and (i) > v(j)}-
The descent set of v € G(r,n) has the following alternate definition
Desg(y) ={i € [0,n— 1) : y(i) > v(i + 1)},

where v(0) := 0. The number of odd (respectively, even) descent positions of =y is denoted by odesg(7)
(respectively, edesg(y)). The ascent set of v € G(r,n) is defined by

Ascg(y) ={ie[0,n—1]: () <~v(i+1)}.

Similarly, we define the statistics ascg (), eascg(y) and oascg(y). For any v € G(r,n) the following identities
hold

edesg(y) + easca(y) = [(n+1)/2], (2.5)
odesg () + oascg () = [n/2]. '

Note that 0 € Desg(v) if and only if ¢; > 0.

Example 2.1. If v = [3%,2,13,4%2,62 5] € G(5,6), then Desg(y) = {0,2,3,4}, desg(y) = 4, inv(y) = 12,

Doeizo V@] =19, 30, Lo(ei — 1) =4, £g(y) = 35 and colg(y) = 5.

For n,r € P, define the polynomials

G(Tan) (avq) L= Z aCOIG('Y)qZG("/)’
YEG(r,n)
G(T’") (l‘,y, a,q) L= Z deeSG('Y)yEdeSG(’Y)acolc(’Y)qlc(’Y)’ (2.6)
yEG(r,n)

and the standard g-factorial notation

. — (1_a)(1_GQ)"'(1_aqn_l)’ if n>1,
(m®”{1, if n=0.

By an argument similar to the proof of (4.13) in [4] we can prove the following result.
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Proposition 2.1. For n,r € P, we have

Grmy(a,q) = [n]g!(—agqlr — 1]g; q)n-

Remark 2.1. The case when r = 1 is a classical result about the inversion number over &,, and the case when
r = 2 is the counterpart in type B due to Brenti [6, Proposition 3.3].

For convenience, we use the convention
G(T,O) (a7 q) =1, G(T‘,O) (!I?7 Y, a, Q) =1

The even and odd index generating functions of G, ) (z,y,a, q) are defined by

t2n
H):= Grony(t,y,0,¢) =———, 2.7a
0 nZZ;J (r:2 )( )G(T,Qn) (CL, q) ( )
£2n+1
HY := Goonsn (2, y,a, Q) =————. 2.7b
1 T;) (r,2 +1)( )G(r72n+1)(a,q) ( )
Define the g-analogue of exponential series over the wreath product
expg(n (t; @, q) (2.8)
Glr 'r;) G(r n) a q)
and the corresponding hyperbolic cosine and sine series
expam(t;a,q) +expgy (=t a,
coshg(r) (tra,q) = Pa( )( q) 5 Pa( )( Q)’ (2.9a)
ex t;a,q) — expg(—t;a,
sinheg (50, q) = Pa(r(ta,q) g Pe(r q). (2.9b)
Remark 2.2. When r = 1,2, we recover the classic q-analogue of hyperbolic series in (1.3) and (1.4).
The following is our first main result.
Theorem 2.1. For any r € P, we have
(1-vy) ((1 — @ cosh(Mt; q))coshg(ry (Mt; a, q) + @ sinh(Mt; q)sinhg ) (Mt; a, q))
Hj = , 2.10
0 1 — (z +y) cosh(Mt; q) + zy exp(Mt; q) exp(—Mt; q) (2.102)
M((l — y cosh(Mt; q))sinhG(T)(Mt; a,q) + ysinh(Mt; g)coshg(,) (Mt; a, q))
H] = , (2.10b)

1 — (x +y)cosh(Mt; q) + xy exp(Mt; q) exp(—Mt; q)

where M = /(1 —z)(1 —y).

Remark 2.3. When (a,n,r) = (1,n,1) or (0,n,2) we recover a formula equivalent to Theorem A. When r = 2,
the length ¢¢(7) coincides with the length in the Coxeter (hyperoctahedral) group B, = G(2,n) (see [5,6]),
namely
invg(y) :=inv(y) + Z |v(2)
c; #0

Hence, when (a,n,r) = (1, n, 2), replacing odesq (respectively, edes) by odesp (respectively, edespg), we recover
Theorem B.

Remark 2.4. As observed in [14] for permutations of types A and B, among the four statistics easc, oasc,
edes, odes over permutations, it is sufficient to consider two of them. This is still valid for colored permuta-
tions. Indeed, by (2.5), the distribution of the quadruple statistics (eascg, 0oascq, edesg, odesg) is completely
determined by any pair of the statistics in {odesg,0ascg} X {edesq, eascg}, in particular *

Z xgascg (’y)mC{ascG ('y)ygdesg(’y)yﬁdesc(’\/) a}colc('y)ch(fy) _ xé(n+1)/2jx\in/2j G(r,n (zi’ %27 a, q) ) (211)
yEG(r,n)

*Here we count an ascent at the beginning as position 0, which is not counted in [14].
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When r = 2, x =y, ¢ = 1, substituting ¢ < 2¢, and adding odd and even indexed generating functions, we
obtain Brenti’s Theorem 3.4(iv) in [6],

Z G(Zn) (x,z,a, 1)ﬁ — (1 - l‘) exp(t(l _ x))

= n! 1—zexp(t(l —z)(1+a))

When 2 = y, adding odd and even indexed generating functions, we obtain a formula of Reiner [17, Corollary
4.4, formula (2)],

> Gom(@,z,a,q) o _ 1= D ebae(il ~ 2)i0,)
2,n y Ly Uy -
L7 Em (—aq, @)ulnl,! 1= zexp(t(l — 7);q)
Given a permutation v € G(r,n), an index 7 € {0,1,...,n — 1} is called an alternating descent if i is an odd

descent or even ascent. Let 5295;(7) be the set of alternating descents of =, i.e.,
Desc(y) = {20 y(20) < v(2i + DYU {20+ 1: 4(2i + 1) > (2 + 2)},

and let its cardinality be denoted by ge\s(;('y). We define the g-alternating descent polynomial over G(r,n) is
defined by

Altg(r)(x,q) = Z a:ge\sc('”qlc('y), (2.12)
YEG(r,n)

where (¢ is the length function (2.4). As an application of Theorem 2.1 we shall evaluate AltS(z,¢) when
q = —1. The following is our second main result.

Theorem 2.2. For integer n > 1 the following identities hold.

1. Ifr is a positive even integer, then

ALEM (2, —1) = (=) L0201 — )™, (2.13)
2. If r is a positive odd integer, then Altf(T)(z, —1) ==z and for n > 2,
(1 —z)™A,,(z), if n=2m (m € N*);
AT (2, -1) = ¢ 2 (1 — 2)>™ Appn(2),  if n=4m+ 1 (m € N*); (2.14)
0, if n=4m+3 (m e N).

We make the following remarks.

(i) Tt is known [15, Chapter 4] that Eulerian polynomial A, (z) := E?:_ol A,z is monic, of degree n — 1 and
palindromic, so Ag,(z) = Z?:_()l Agp ix' (1 + 2?"~271) which is clearly divisible by 1+ z.

(i) Formula (2.14) reduces to [11, Theorem 2] when r = 1 T and (2.13) reduces to [11, Theorem 13] when
T =2

(iii) Our proof of the above theorem is & la Désarménien and Foata [9] using generating functions and ¢-
calculus. When r = 1,2, Dey and Sivasubramanian [11] gave a different proof. It would be interesting to
find a combinatorial proof & la Wachs [21].

3. Counting colored permutations by the parity of de-
scents

The aim of this section is to prove Theorem 2.1. Throughout this section, we assume that n and r are positive

integers. For 0 < m < n, let ([m"]) be the set of m-subsets of [n], that is, ([;L]) :={A C [n]:|A] = m} and let
[n]” == {i% : i € [n],¢; € [0,r — 1]} be the set of colored integers. The set of m-subsets A" of [n]” such that
A€ ([m”]) is denoted by ([::l])r

Let A be a finite ordered set. We write A = {aj,...,am}< to mean a; < --- < a,, and denote by
[4] := [a1,. .., an] the increasing sequence of its elements. In particular, if A” = {a7*,a5?,...,aim}< € ([:T"L})T7
then [A"] is the increasing permutation of A” by the linear order (2.3), that is [A"] = [a]*, a5, ..., a5 ].

TWhen r = 1, the position 0 is not counted as an even ascent in [11, Theorem 2].

ECA 4:3 (2024) Article #S2R22 5
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Observation 3.1. Let v = [o(',...,05"] € G(r,n). If i,j € [n] with i # j, then v(i) < v(j) if and only if one
of the following conditions hold,

(1) ci =0, ¢; =0 and |v(d)| < |v(j)l;

(2) ¢; >0, ¢c; >0 and |v(3)| > 7)),

(3) ¢i >0, ¢; =0 and [y(i)| < [v(5)] or [v()] > [7(5)]-
For v = [y(1),...,y(n)] = [0, ..., 0] € G(r,n), let

csum(y) = Z ¢

and

inVc(’Y) = Z |{(Z,j) :’70(7;) > 7(])”7

1<i<j<n

where 7.(7) is defined by
. ag;, if C; 7é 0,
Yeli) =9 4 (3.1)

Ty if C; = 0.
We now give an alternative characterization of the length function ¢¢ in (2.2) and (2.4).

Lemma 3.1. For vy = [y(1),...,7y(n)] = [o1",...,05"] € G(r,n), we have
e () = inv(y) +inve(y) + csum(y).

Proof. By definition (3.1) and Observation 3.1, we have (¢;,¢;) # (0,0) if v.(¢) > v(j). Hence

inve(y) = Y [{(0,5) : 7e(i) > v()}

1<i<j<n
=Z i <j: @) > [y(), e # 0} + Z {5 > it [y(i)] < Iy()l, ¢; # 0}
=Y (on—1).

¢, 7#0

Comparing with (2.4), we are done. O

For 0 < m < mn, let A" and B" be disjoint subsets of [n]" with |A"| = m and |B"| = n—m. If 7 (respectively,
o) is a permutation of A" (respectively, B"), in other words, A" (respectively, B") is the set of letters in 7
(respectively, o), we define the between-permutation inversion (respectively, c-inversion) as in the following:

inv(m, o) = |{(x(i),0(3)) € A" x B" : 7(i) > o(j),i € [m] and j € [n — m] }|; (3.2a)
inve(m, o) = {(n(i),0(j)) € A" x B" : 7.(i) > 0(j),i € [m] and j € [n — m] }, (3.2b)
where 7.(4) is defined by (3.1).

For 0 < i < n—1, let G;(r,n) be the set of colored permutations in G(r,n) with the last n — ¢ elements
being increasing from left-to-right, that is,

Gi(r,n) ={vyeG(r,n):y(i+1) <v(i+2)<---<v(n—-1) <~v(n)}. (3.3)

Note that G,,—1(r,n) = G(r,n) and |G;(r,n)| = r"(?)il. Define G(r,0) = {e}, where ¢ is the empty word. The

concatenation operator * of two words v and v is defined by u * v := uv with € x u = u * ¢ = u for any word wu.
T

For0<i<mn-—1,let y=[o]',05%,...,0{] € G(r,i), A" € (Tyi]l) with [n] \ A = {s1,82,...,8}< and

L)

C2

Ypa = [568,852, ..., 85 ]. (3.4)

We define
F(, A") = vlppa * [A7]. (3.5)

It is easy to see that the mapping f : G(r,1) x (iﬂ)r — Gy(r,n) is a bijection.

ECA 4:3 (2024) Article #S2R22 6
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Lemma 3.2. For0<i<n-—1,lety=o]", 05, ...,0;'| € G(r,i), A" € (yi)r and [n]\ A = {s1,82,...,8i}<.
The mapping [ : G(r,i) X (n[ri]l)r — Gi(r,n) satisfies

csum(f(y, A")) = csum(vy) 4+ csum([sy, sa, . . ., s;] * [A"]), (3.6a)
col(f(ry,A")) = col(7y) + col([s1, S2, . .., si] * [A"]), (3.6b)
La(f(7, A")) = La(7) + La([s1, 82, -, s3] + [AT]). (3.6¢)

Proof. By definition (3.5), we have
FOr, A7) = ylppa * [AT] = [sg}, 522, ..., 55 ] * [A"]. (3.7)
So, it is easy to verify the first two identities (3.6a) and (3.6b). By Lemma 3.1 we have
la(f(7, A")) = inv(f(7, A7) + inve(f (7, A7) + csum(f (v, A")).
The factorisation (3.7) of f(vy, A™) implies that
inv(f('y, AT)) = inv(’y|[n]\,4) + inv([Ar]) + inV(’y|[n}\A, [Ar]),
iHVC(f(’Y, AT)) = inVc(’ﬂ[n]\A) + invc([ATD + inVC(’Yl[n]\Aa [AT])
Note that v acts on an ordered set (see (3.4)) preserving the inversion (respectively, c-inversion) number, i.e.,
inv(y|ppa) = inv(y)  and  inve(y|ppa) = inve(y).
By definition (3.2), we have
inv(y|ppas [A7]) + inve(y]ppa, [A7]) = inv([s1, 52, ..., 54, [A"]) +inve([s1, 52, .., 5], [AT]),
which is independent from . Combining the above results with Lemma 3.1 results in
la(f(v, AT)) = La(y) — ba([s1, 82, ..., s3] x [AT]) = 0
which proves (3.6¢). O
Example 3.1. Letn =8, r =4 andi=4. If v = [2',4,3!,13] € G(4,4), A* = {6!,32,11,5}_ € (@)4, then
[8] \ A= {517 T 54}< = {2743 73 8}7 7|[8]\A = [417 87 717 23]7 [Aﬂ - [617 327 11’ 5] and

!

=[5ty s ¢ [AY] = [2,4,7,8] x [61, 37,11, 5] = [2,4,7,8,6", 3%, 11, 5],
and f(v, A%) = [41,8,71,23,61,32,11,5]. By (2.4) we have

la(y) = inv(y +ZW )+ —1)
c; #0

= {(2",3Y), (4,3Y), 4, 1)} +2+1-1)+B+1-1)+(1+3-1)=11,

la(y) =iv(y) + Y (V@) +e—1)
c; #0

={(2,6"),(2,3%),(2,1"),(4,6"),(4,3%), (4,1"),(7,6"),(7,3%),(7,1"),
(7,5),(8,6),(8,3%),(8,1'),(8,5)} + (6 +1—-1) +(3+2—1)+ (1 +1—1) = 25.

In the same manner, we obtain {g(f(vy, A*)) = 36.
By convention, for any n € P we denote by 1 the identity permutation in G(r,n). Thus
F(,AT) = [s1,892,...,8] x[A"]. (3.9)

The ¢-binomial coefficients are defined by

n [n]q!
=——-=r —— (0<m<n). (3.10)
<m) ¢ mlgln —mlg!
Lemma 3.3. Let 0 <i<mn—1. For any v € G(r,1), we have
> @A gla AT — el gt ) <ni z> (—ag™ M r —1]g; @)n—s- (3.11)
q

are(m)"
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Proof. By (3.6b) and (3.6¢) in Lemma 3.2 and (3.9), it suffices to prove the v = 1 case of (3.11), which is
equivalent to the following identity

g (—aglr — Ugsq)i x Y a @A GaU@RAD) [y — 4]t = [n],/(~aglr — 1g: q)n- (3.12)
are(y”

To this end, for any 7 = 779+ - - Tp—; € &,,—;, we construct a mapping f, : G(r,7) x ( [”].)T — G(r,n) by

fr(7 AT) = ylpa * TIAT], (3.13a)

where [n] \ A = {s1,82,...,8;}< and
v =002, 0f], AT ={d, a2, ... al b, (3.13b)

i T Cr T ;nfi
MNipa = 8605562, 556),  TlA] = lan an®, o san (3.13c)
Note that

FOA™) = Apapoa * [AT] = [s2,82, ..., s8] * [aft, a2, ... a0 ], (3.14a)
Fr(1s A7) = Yl pmpa * TIAT] = [s8, 822, sG] % [, @, an . (3.14b)

It is clear that f; is a bijection. We show that f, satisfies the following properties:

col(f(l,A’“)) + col(y) = col(fr(v,4")), (3.15a)
(6(f (1, A7) + L() + inv(r) = La(f-(r, A7), (3.15b)
(

By (3.9), (3.13), and (3.15a) is obvious. It remains to prove (3.15b). By definition (2.4) and (3.14), we have

ta(f(y, A")) + inv(7) =inv(y[ppa) + v ([A"]) + inv (y]ppa, [A7]) + inv(T)

+ ) (5o, 46— 1)+ > (ar+c, — 1), (3.16)
c; 70 ¢}, 70
b (fr(7, AT)) =inv(y]ppa) + inv(7[A"]) + inv(y|ppa, T[A"])
+ Z (50, +¢;— 1)+ Z (ar, +¢;, —1). (3.17)
c;j #0 c;k;ﬁO

We observe the following facts:
e inv(7) =0 and inv(7[A"]) = inv(7) because [A"] is an increasing word;
o ((f(1,A")) + Lo() = La(f (7, A)), see (3.6¢):
o inv(y|papa, [AT]) = inv(y[pp 4, T[AT]), see definition (3.2a).

From (3.16), (3.17) and the above facts, we derive (3.15b). Finally, combining (3.13a), (3.15) and Proposition 2.1,
we prove (3.12). O

Example 3.2. Letn =9, r =4 andi=5. If v = [41,5,12,3!,23] € G(4,5), A* = {6!,43,2! 1} _ € ([j])4 and
T =3412 € &y, then [9]\ A= {3,5,7,8,9},

Yopa = [81,9,3%,71,5%,  7[A4'] =2 1,6',4%.
Hence f, (v, A*) = [81,9,32, 71,53 21 1,61, 43].
Recall the enumerative polynomials see (2.6),

G(r,n) ($, y,a, Q) = Z :EOdeSG(’Y)yedesG("/)aCOI(V)qec (’y)
yEG(r,n)

For convenience, we define the weight

U)(’)’) — modesc(’y)yedesc(’y)acol('y)qég('y).

By convention, we set

G_1(r,n) ={[1,2,...,n]}.
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Lemma 3.4. Let n,r € P and 0 <i <n—1. For G;(r,n) in (3.3), the following identities hold.
1. If i is odd,

G T, (%y, aaQ)G N (a7 q)
Y wly) == ( c): NE q)[niif S (-2 Y w(y). (3.18)
YEG;(r,n) DA 7 YEG;—1(ryn)
2. If i is even,
G 7, (m,y,a,q)G r,n (a7Q)
> wl) =y g R () YT wl), (3.19)
YEG,;(r,n) () A% 7 YEG;—1(r,n)

Proof. Let i be a positive odd integer. Multiplying the two sides of (3.11) by xodesa(gedesa(v) and summing
over v € G(r,i) we obtain the identity

Z Z odeSG(’Y)yedeSG(7)acol(f(%Ar))qéG(f(%A"))
yEG(r,i) AT ( ["]l)

= G(T,i) (l’, Y,a, q) (

n

n—1

) (og = g

G(r,n) (aa Q)
G(r,i) (av q)[n - Z]q' ,

= G('r‘,i) ($7ya a7‘]) (320)

where the last equality follows from Proposition 2.1.

Let F;(r,n) denote the subset of colored permutations v = [y(1),...,v(n)] in G;(r,n) such that (i) >
Y@ +1) <y(i+2) <--- <7(n). By definition (3.3), we have F;(r,n) = G;(r,n) \ G;_1(r,n). For (v,A") €
G(r,i) x (n[’i)r, let v = f(v,A"), see (3.5). Then f : G(r,i) X (n ]Z)T — Gj(r,n) is a bijection satisfying the
following properties:

o if f(y,A") =+ € F;(r,n), then ¢ is an odd descent of v (but 7 is clearly not a descent of 7), thus
odesg(y') = odesg(y) + 1 and edesg (') = edesg(7);

o if f(v,A") =+ € G;_1(r,n), then i is not a descent for neither 4/ nor . Hence odesg(v’') = odesg(7)
and edesg (v') = edesa(7).

By the above arguments, we have
Z godesc (7) g edesc (7) g ool(f(7,47)) g La (£ (7,A7))

(7, A")EG (ri)x ([M,)"

S SRR CORT-D SENTIC) BT SR

X X
' €Gi—1(r,n) ¥ E€G;(r,n) Y E€G;—1(r,n)
1 1
— <1 - x) > w®)+ - > w). (3.21)
v E€Gi—1(r,n) v €G;i(r,n)

Equating the right-hand-sides of (3.20) and (3.21) we obtain

IG(r,i) (l’, Yy, a, Q)G(r,n) (CL, q)

Griy(a,q)[n — i]g! =@-1) > w()+ > wl) (3.22)

Y €Gi—1(r,n) v €Gi(r,n)

This completes the proof of (3.18).

For n > 1, and 7 is a nonnegative even integer, (3.19) can be proved similarly. We just verify the ¢ = 0 case.
Clearly we can construct any v € Go(r,n) as follows: choose (i) = (,¢;) € [n] x {0,...,r — 1} for i € [n] and
order y(1),...,7v(n) increasingly. As v =1 if and only if ¢; = 0 for all ¢ € [n], the index 0 is always a descent if
~v # 1. Therefore

Y wl) =1+y <H z_: agteiTt — 1)

YEGo(ryn) i=1¢;=0
= 1=y +y(—aglr —1]g; @)n-
On the other hand, as G_1(r,n) = {[1,...,n]}, (3.19) holds by Proposition 2.1. O
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By definition (3.3), for 0 < i < n — 1, the elements of G;(r,n) are colored permutations v € G(r,n) such
that the last n — ¢ elements of v are increasing. When ¢ = n — 1, we have Gp_1(r,n) = G(r,n). Recall that
(see (2.6))

G(r,n) (:67 Yy, a, Q) = Z UI(’)/) (323)

vEGn_1(r,n)
Lemma 3.5. For any n,k € N, r € P, the polynomials G, (2, ¥y, a,q) satisfy the following recurrences:

1. If n = 2k is a nonnegative even integer, and 0 < j < k, we have

Gom (@, y,a0)  (1—a)(1—y) > wi)

G(T',n)(av q) a G(T'vn)(a’ )
+ Ji 2z —2)"(1 —y)" Cirn-2m-1)(.y,0,9)
[2m + 1],! G(rn-2m-1)(a,q)

YEGn—2j-1(Tn)

m=0
J

s y( —2)"(1 = y)"™ ! G2 (*,,0:9)

(3.24a)
m—1 [Qm]q' G(Tﬁn—Qm) (CL, Q)
2. If n =2k 4+ 1 is a positive odd integer, and 0 < j < k, we have
Grn(x yaCLQ) (1—11'}) (1_y)j+1
Gl d) Clom(@:4) 2, ul)
(7,n) (ryn) &y ~EG_2;—2(rm)
+ zj: y(l - z)m(l - y)m G('r,nf2m71) (.’13, Y, a, Q)
m=0 [2m + 1]q' G(T,n—Qm—l)(av q)
J _ m—1 _ m
I Z .27(1 LL') (1 y) (r,n—2m—2) ((E, Y, a, q) . (32413)

[2m]q' G(r,n—Qm—2)(a7 Q)

3
&

Proof. 1t is clear that (3.24a) is valid for n = 0. Assuming that n = 2k (k > 1), we prove (3.24a) by induction

on j. The base case when j = 0 is obvious by (3.23). Assume that (3.24a) is true for j and show that it holds
for j 4+ 1, that is,

G(r,n) (z,y,a,q) =(1 = x)j+1(1 o y)j+1 Z w(v)

YEGn_25-3(rn)

n Z 1 — a: 1 - ) G(r,n72m71) ($, Y, a, q)G(’r‘,n) (a’ q)
2m + ]. G(v',n—2m—1) (aa q)

+ g:l (]- — {E) (]- — y)mil G(r,n—Qm)(xa Y, a, Q)G(r,n) (aa Q)

m—1 [Qm]q' G(r,n72m) (Cl, q)

(3.25)

Equation (3.25) is easy to verify by applying (3.18) and (3.19) because

S wi=(-n X wlyeltapine el

1 | )
Y ECm271(rm) €G-y a(rm) [2J + 1]Q'G(7",n—2]—1)(avq)

G(r n—2j—1) (I7 Yy, a, q)G('r n) (07 Q)
=(1-z)1- w(y) + r——— :
( )( y) Z (7) [2] T l]q!G(r,n72j71)(a7Q)

G(T,n72j72) (*T7 Y, a, q)G(T,n) ((l, q)
[2] + 2]q!(;’(r,n—Qj—Q) (CL, Q)

Plugging (3.26) in (3.24a) and dividing both sides by G, (a,q), we derive (3.25). Formula (3.24b) can be
proved similarly. O

YEG—25-3(Tn)

+(1—2)y

(3.26)

Proof of Theorem 2.1. As >° o (., w(y) = 1, multiplying identity (3.24a) (respectively, (3.24b)) with

j =k by (1 —y) (respectively, (1 — z)), and then adding % (respectively, W) on both
sides, we obtain the following recurrence relations:
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e if n = 2k is even,

= +

G(r,n) (z,y,a,q) (1- ac)k(l _ y)k+1 ki:l z(1—z)™(1 - y)"”'l G(r,n—Qm—l)(xvya a,q)

G(r,n) (Cl, Q) G(r,n) (Cl, q) m=0 [2m + 1]q' G(T,n72m71) (CL, Q)
k
y(l — x)m(l - y)m G(r n—2m) (Z‘, Y, a, Q)
+ : ; 3.27
mz_:o [2m]q' G(r,n—Qm) (a7 q) ( )
o if n =2k + 1 is odd
Gy (7,y,0,q) _ (1 — 2)k+1(1 — y)kt! N Zk: y(1—2)" (1 —y)™ Grp—2m—1) (7, ¥, a,q)
G(T,n) (CL, Q) G(r,n) (aa (J) o— [2m + ]-]q' G(r,n—Qm—l) (CL, (])
k
117(]. — .’E)m(]. — y)m G(r n—2m) (.’E, Yy, a, q)
+ - . 3.28
mz::o [2m]q' G(r,n72m) (Cl, q) ( )

Invoking (2.7), multiplying (3.27) (respectively, (3.28)) by t2* (respectively, t2**1) and then summing over k > 1
(respectively, k > 0), we obtain the system

(1 —ycosh(Mt;q)) Hy — xLsinh(Mt;q) Hf = (1 —y)coshg)(Mt;a,q),
—4sinh(Mt; q) Hy + (1 — wcosh(Mt; q)) Hf = M sinhg()(Mt;a,q),
where M = /(1 —z)(1 —y) and L = /(1 —y)/(1 — x).
Solving the above system using Cramer’s rule results in (2.10). O

4. Counting colored permutations by signed alternating
descents

The aim of this section is to prove Theorem 2.2 by applying Theorem 2.1. By the wreath product analogue of
exponential series expg(,)(t; 1, ¢) (see (2.8)) we define the g-trigonometric series over wreath product by

COS (t q) . Z (—1)” t2n
G(r)\b L= . ’
" n>0 (_Q[T - 1]Q7 Q)Qn [Qn]q'
. (_1)n t2"+1
t; L= . .
SlnG(r)( ,Q) nZ>O (—qlr — l]q; Qans1 20+ 1]11!

It follows from (2.6), (2.11) and (2.12) that
Altg(r) (IE, CI) = xL(n+1)/2j G(r,n) (xa 1/%, 1, Q)'
Combining with Theorem 2.1 we obtain the following generating functions.

Lemma 4.1. Let AltS") (z;q) = 1. We have

—qlr —1]g;q)2n  [2n],!

(

n>0
(o (1 —zcos((1 — z)t; q))cosg () (1 — z)t; q) — zsin((1 — 2)t; ¢)sing( (1 — 2)t; q) .
= ( 1) x x — (22 + 1) cos((1 — x)t; q) + zexp(i(1 — z)t; q) exp(—i(1 — z)t; q) , (4.2a)
Albg (w,q) gt
>0 (=qlr =g @ans1 [2n+ 1!
(1) (Jc —cos((1 — 2)t; q))sing(r)((l —x)t; q) +sin((1 — )t; g)cosg(r) ((1 — 2)t; q) (4.2D)

z — (224 1) cos((1 — x)t;q) + zexp(i(l — z)t; q) exp(—i(1 — )5 q)
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Recall the following g-binomial idenity [1, p. 37]

Sr() = (43)
— y» 0, if mis odd,

and the limits of ¢-binomial coefficients (3.10) when ¢ — —1:

<2m + 1) (44a)
2 2 1 2 1
im (") = tim (M) = nt " (4.4b)
g—=-1\2m ¢ 971 2m q 2m+1 m
. 0, if ris odd;
qlinh[r — o= qliml 1 —-q { 1, if r is even. (4.4c)
By (4.4c), if r is even and n — k > 2, then
—qfr = 1]0: )
fim (Z4r = Ugi@n _ (=1)% =1)p—r, = 0. (4.4d)

a——1 (—q[r — 1g; @

Now, we are ready to prove Theorem 2.2 in the next three sections. First, we shall prove that for any even
integer r > 2,
ALEM) (2, 1) = (=)LHD2I(1 — 2)™  forn > 0. (4.5)

4.1 Proof of Theorem 2.2 when r is even
Multiplying the two sides of (4.2a) by
x— (2% 4+ 1) cos((1 — z)t; q) + zexp(i(1 — 2)t; q) - exp(—i(1l — 2)t; q),

and then comparing the coefficients of (n > 0), we derive the recurrence relation, after simplification using

2 ] r
(4.3), for even indices:

_(1 — x)QAthGn(T)( z,q n 1 n kAthGk(r ( 7(]) ., o, I
( ( )2n+2 . 2n—1 m M
T 0 2 (i )q<—q[r ~Tia (46)

In the same vein, from (4.2b) we derive the recurrence relation for odd indices (n > 0):

—(1- )2A1t§;§:)1 (z,q +§ (2n+1> (1) R AL, («
(—q[r = 1]¢:q@)2n+1 2k +1 (=

aq) .2 - 372 _ —z 2n—2k
qlr — g3 @)2k+1 (2(gi - i -2)

k=0
(~D)"(1 =)+ o (204 1) (=D R — )2t
<q[r—1]q;q>2n+1+("””,;)< K ) T “o)

Clearing the fractions in (4.6) and (4.7) by multiplying (—gq[r — 1]4;¢)2, and (—g[r — 1]4; ¢)2n+1, respectively,
and then taking the limit ¢ — —1, we obtain by invoking (4.4),

—(1 = 2)?AUS ) (2, —1) = (=1)"L(1 — )22,
—(1 = 2)?AlS "), (2, —1) = (=1)"(1 — 2)>"+3,

which are equivalent to (4.5).
In the next two sections, we shall prove the remaining part of Theorem 2.2, i.e., for n > 2, if r is a positive
odd integer, then

z(1—xz)™ Ay (x), if n=2m (m e N*);
AL (@, —1) = € 22 (1 — 2)> A (z),  if n=4m+1 (m e N*); (4.9)
0, if n=4m+3 (meN),

where A,,(x) are the classical Eulerian polynomials, see (1.1).
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4.2 Proof of Theorem 2.2 when r is odd and n # 4m + 3

For n > 1, clearing the fractions in (4.6) and (4.7) by multiplying (—g[r — 1]4;¢)2n and (—q[r — 1]4; @)2n+1,
respectively, then taking ¢ = —1 results in

AlG ) (2, -1) = (Z) Al (@, —1)(—1)" R (1 — a)2 229 kg g2 1)

k=0

+(=1)"(1 —2)* 711 - 2"x), (4.10a)
A o) = 3 () ARG 1R g a2

k:(()fl)”fv(l — )", (4.10D)

Now, we prove that Altg?(:)(x, —1) = 2(1 — z)™ A (z) for m > 1. By (4.10a), this is clear for m = 1. It

remains to show that z(1 — z)™A,,(z) satisfies recurrence relation (4.10a), namely,

Am(aj) = z_: (7:) (1 _ m)m*k*QAk(a;)(—l)m*k(Qm*kx — 22— 1) _ m(—l)m(l _ a:)mfl.

k=0
Multiplying the above identity by ¢"*/m! and summing over m > 1 yields

tm a(l — ) exp((z = 1)t) —x
L+ Am(®) 7 = (@2 + D exp((z = 1)) =z — wexp(2(z — 1)t)’

m>1

which is equivalent to (1.1). Thus, (4.9) holds true if n is even.

By definition we have Altf(r)(ac7 q)=x(1+q+---+¢ 1), hence Altf(r) (x,—1) = z. For the time being,

we admit (4.9) for n = 4m + 3, namely, assume that Al‘cfk(f3 (z,—1) = 0 for k € N, see the proof in the next

section. Thus, replacing n by 2m in (4.10b) results in

m—1
G(r 2m G(r m—A4k— m— m
A (2, -1) =Y (2k)A1t4k(+)1(x, C1)(1 — g)tme k2 (92m=2ky 02 1) 4 (] — g)im, (4.10c)
k=0
. : G(r) _ 22%(1—x)*™ . ] _ :
It remains to show that Alt,, / (z,—1) = TAQW(J:) for m > 1. As a check, setting m = 1 in
(4.10¢) yields Altg(r)(:n, —1) = 222(1 — x)?, since As(z) =1+ z, (4.9) is valid for n = 5. Now we prove that
2 2m
%Agm (x) satisfy recurrence relation (4.10c), namely,
2 2 1— 2m m—1 ) ) 2 1— 4m—2k—2A
L ( ‘T) 2m(x) _ Z my s% ( {,C) Qk(x) (2277172191, g2 1)
14z P 2k 14z

+z(1 —2)*™ (22" — 21).
Multiplying the above identity by t*™/(2m)! and summing over m > 1 yields

o (@ 1D(exp((1 - 2)t) +exp((z — 1)t))
m)!  2z(exp((1 — x)t) + exp((z — 1)t)) — 222 — 2’

14+ Y Agp(a) (;

m>1

which can be verified straightforwardly by (1.1). O

4.3 Proof of Theorem 2.2 when r is odd and n = 4m + 3

Recall that the elements of the set {0,1,...,n, 11, ... nt ... 1771 ... n"~1} are ordered as in the following

(see (2.3)),

Nl <nl< <1l <l <c0<l< <

For 1 <14 < n, we define an operator ¢; over G(r,n) by

(c1y..y¢i+1,...,¢cn;0), if ¢ is odd;
oi(y) =4 (c1,-- i —1,... cn;0), if ¢; # 0 is even;
Vs lfct:O7

where 7 = (¢1,...,cp;0) € G(r,n), see (2.1).
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Lemma 4.2. For 1 <i < n, the alternating descent set is invariant under operator ¢;, i.e.,

Desc(¢i(7)) = Desa(y) for € G(r,n). (4.11)
Hence, we have g(;g(¢i(’y)> = E;s(;(’y).
Proof. Let v = (c1,...,¢;0) € G(r,n) and ¢;(y) = (c},...,c,;0) for a fixed ¢ € [n]. Then, ¢; = ¢; if j # i for

G
J € [n] and ¢; = ¢; = 1. Equation (4.11) is obvious if ¢; = 0. Since operator ¢; only acts on (i), we need only

to check the nature of positions ¢ — 1 and i through ¢;. In what follows we assume that ¢; > 0 for some odd
index i.
(i) i € Desq(y) if and only if (iff) i € Desq(¢:(7)).
Indeed, i € Desg(7y) (with ¢; > 0) iff ¢;41 > 0 ani\h(m <@+ D]iffc; =1 >0,¢ =cip1>0
and |y(4)] < |y(¢ + 1)|, which is equivalent to i € Desg(d:(7)).
(ii) i — 1 € Desg(y) if and only if i — 1 € Desg/(i(y))-
Indeed, (¢ — 1) > (i) (with ¢; > 0) iff ¢;_1 =0 or ¢;_1 > 0 and |[y(i —1)] < |v(9)|. As ¢, =¢;£1 >0
and ¢_; = ¢;_1, the latter statement is equivalent to i — 1 € Desa(4i(7))-
Thus, (4.11) is valid for odd ¢ € [n]. The proof for even i € [n] is similar. O
In what follows, for a permutation o € &,,, we write {g(0) = inv(o) and denote the number of alternating
descents of o by des(o) as in [8]. Note that sgn(o) = (—1)"¥(?) is the signature of o.
Lemma 4.3. Let n = 4m + 3 with m > 0. Then
Y (—1)megieso) — g, (4.12)
oceG,

Proof. Recall the reversing operator R on &,,, which maps o = 0109---0, € &, to R(0) = 0,0p-1"--01.
Clearly, an index i € [n — 1] is an even ascent (respectively, odd descent) in ¢ if and only if n — i is an odd
descent (respectively, even ascent) in R(c). Also, position 0 is an even ascent in both o and R(c). Thus

des(c) = des(R()). (4.13)

Since inv(c) + inv(R(0)) = (3) and (5) = (2m + 1)(4m + 3) is odd, we have sgn(R(0)) = —sgn(c). Combining

with (4.13), we see that R is a weight preserving and sign reversing involution or killing involution over &,,

which yields (4.12). O
Let &7, be the subset of G(r,n) consisting of permutations v = (c1,...,cp;0) such that ¢; > 0 for some
index 7 > 1.

Lemma 4.4. Let r be an odd positive integer and n € N*. Then

Z (71)%(7)%@\5@@) —0. (4.14)
v€ST .

Proof. We construct a killing involution ® on &, , such that if ®(y) = 7' for v € &5, then desc ) = desg ()
and

le(v) = ta(y) £ 1. (4.15)
For v € &¢,, with v = (¢1,...,¢n;0), we define ®(v) as follows: let ®(v) = ¢; () where i is the smallest index

rn
such that ¢; > 0. It is obvious that ® is an involution on &; ,.

By Lemma 4.2, it is clear that ge\s(;(’y') = ge\s(;(v). It remains to verify (4.15). We first show that each
inversion pair is invariant through .

(1) For 1 < j <4, pair (j,) is an inversion of v € &¢,,, if and only if it is an inversion of ®(y) € &7 ,,.
Indeed, pair (7,1) is an inversion: o(j)% > o(4)% with ¢; > 0 iff ¢; = 0, or ¢; > 0 and |v(j)| < |y(¢)[; as
¢; =c¢i£1>0and ¢} = c¢j, the previous statement shows that (j,7) is an inversion of ®(v).

(2) For i << mn, pair (i,]) is an inversion of v € &7, if and only if it is an inversion of ®(v) € &, ..
Indeed, pair (4,1) is an inversion of v: o(i)% > o(1)® (with ¢; > 0) iff ¢ > 0, and |v(¢)| < |v(])]; as
c;=c¢;£1>0, ¢g=¢ >0, the previous statement means that (¢,!) is an inversion of ®(v).

As ¢; fixes all y(k) for k # 14, it follows that inv(®(v)) = inv(vy). Therefore, by (2.4),

(e (®(7) = inv(®() + Y (k)| +ex —1) £1
cr#0

= gG (7) + 17
which is (4.15). Hence (4.14) is proved. O
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