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Abstract A word w = wy - - - w,, over the set of positive integers is a Motzkin word whenever
w; =1, 1 <wp <wgp_1+1, and wp_1 # wg for kK = 2,...,n. It can be associated to a
n-column Motzkin polyomino whose i-th column contains w; cells, and all columns are bottom-
justified. We provide generating functions with respect to the length, area, semiperimeter,
value of the last symbol, and number of interior points of Motzkin polyominoes. We give
asymptotics and close expressions for the total of those statistics among all polyominoes of a
given length. For details and other results see [2].

1. INTRODUCTION

Motzkin words were introduced by Mansour and Ramirez in [5]. Specifically, a word
w = wiws - - - Wy, of length n over the set of positive integers is called a Motzkin word whenever
wi =1, 1 <wg <wk_1+1, and wr_1 # wg for k =2,...,n. The empty word € is the only
one word of length 0. For n > 0, let M,, denote the set of Motzkin words of length n. For
example, M5 = {12121, 12123, 12312, 12321, 12323, 12341, 12342, 12343, 12345}.

A Motzkin word w = wj - - - w, can also be viewed as a polyomino (also called bargraph)
whose i-th column contains w; cells for 1 <4 < n, and where all columns are bottom-justified.
The polyomino associated to a Motzkin word of length n is called a Motzkin polyomino of
length n.
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FIGURE 1. Motzkin words of length 5 and their associated Motzkin polyominoes.

Let w be a Motzkin word and P(w) its associated polyomino. We denote by area(w) the

number of cells (or the area) of P(w). The semiperimeter of P(w), denoted sper(w), is half
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of the perimeter of P(w). An interior-vertexr of P(w) is a point that belongs to exactly four
cells of P(w). We denote by inter(w) the number of interior points of P(w). For instance, if
w = 12341, then area(w) = 11, sper(w) =9, and inter(w) = 3.

2. AREA AND SEMIPERIMETER STATISTICS

For all 1 <i <mn, let M, ; be the set of Motzkin words of length n whose last symbol is 7.
We define the generating functions

.’IJ ‘D, q Zx Z psper(w)qarea(w) and A x D, g ZA D, q i-1

n>1  weMy, i>1

Theorem 2.1. The generating function A(x;p,q;v) satisfies the functional equation

pqx
) A(z;p, q; qu).

(1) A(x;p, q;v) = pPqr +

1—

PIY A(w;pq;1) + <p2q2wv —
qu 1

L A(z;1,1;1). By

Note that when p = ¢ = 1, we have (1 — v+ %) Alz; 1, 5v) = 2 + 1%

differentiating A(x;1,1;v) - v at v = 1, we deduce:

Corollary 2.2. The generating function for the total sum g, of the last symbol in all Motzkin
1—x—2x%—+/1—22—322

222

words of length n is . An asymptotic approximation for the coefficient g,

3
1\24an
of ™ is given by %

3. THE SEMIPERIMETER STATISTIC

By (1) with ¢ = 1, we obtain
(2) <1 —pPav + 1p$> A(zsp, 10) = p*a + %A(ﬂf;pv 1;1).
—v —v

In order to compute S(x,p) := A(x;p,1;1), we use the kernel method (see [1, 6]).

Theorem 3.1. The generating function for the number of nonempty Motzkin polyominoes
according to the length and the semiperimeter is given by

1 —px — /1 — 2p2x — 4p322 + pla?
2px ’

S(a?,p):

S(z,p) = p*x + p*a? 4+ (p° + pO)z + (3p” + p®)zt + (2p° + 6p° + pt0)a® + O(2%).
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FIGURE 2. Motzkin polyominoes of length 5 and semiperimeter 9.
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Corollary 3.2. The generating function of the sequence s(n) is given by
5v3 /L3
6y/m

over all Motzkin polyominoes of length n is given by s(n) = Ty, + 2T,,—1 — my_1, where my, is
the n-th Motzkin number, and T, is the central Trinomial coefficient.

An asymptotic approximation of s(n) is given by . Moreover, the total semiperimeter

4. THE AREA STATISTIC
By (1) with p = 1 we obtain

qz(1 — qu + ¢*v?
1—qu

(3) A(z;1,q;0) = gz + )A(x; 1, q;qu).

qxr
Az;1,¢;1) —
1—q’l) (1" » 45 )

By iterating this equation an infinite number of times (here we assume |z|< 1 or |g|< 1), we
obtain

. L. Alxz:1.0:1 j_ll_i 2%,,2
A(x;l,qsv):Z(—l)]_lqjx] <1+(x’ &k ))qu+.q v

_nJ Al
= 1—qgilv P 1—qv

Theorem 4.1. The generating function U(x,q) := A(x;1,q;1) for the number of nonempty
Motzkin polyominoes according to the length and the area is given by

R N e
1-— 2321( 1)J —11qﬂ;rjv H] 11— qurqZz )
Theorem 4.2. The total area over all Motzkin polyominoes of length n is given by u(n) =
13" -T,) =3 (3" Yo (D) (”;k)) , and an asymptotic is 3" /2.

The sequence u(n) (A055217) corresponds to the sum of first n coefficients of (1 + x + 22)".
Enigmatically, the monomials from the first part of the expansion of (1 + z + x?)" can be
literally written on the cells of all Motzkin polyominoes of size n in a simple one-to-one manner.
Term z* goes onto a cell of height n — k.

Let T'(n,i) be the i-th coefficient in the expansion of (1 4+ = + z2)™. One has that

(4) Tn,i)=Tn—-1,i)+Tn—1,i—1)+T(n—-1,i—2), 0<i<n-—2,

U(.’E,q) =

and T'(n,n—1)=T,_1+T(n—1,n—2)+T(n—1,n — 3), where T}, is the central trinomial
coefficient, that is T,, = T'(n, n).

Let w be a Motzkin word. We denote by h;(w) the number of cells of height i in the Motzkin
polyomino associated with w. We introduce the following generating functions

OH,(z,q)

H(wq)—l—i—z 2l gpi) and B;(z) := 94

weM
Theorem 4.3. For i > 2, we have

q=1

14+
1= (Hi-1(z,q) — )’
and Hi(x,q) =1+ qeM (zq), where M(x) is the generating function of the Motzkin numbers.

Hi(z,q) =


http://oeis.org/A055217
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For example, for ¢ = 3 we have the expression

Hy(,q) = 1+ 2+ 2> + (1+q)2° + (1 +2¢ + ¢*)z* + (1 + 3¢ + 3¢% 4 2¢%)2° + 0 ().
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F1GURE 3. Motzkin polyominoes of length 5 and the cells of height 3.

Let Gi(z) = >_,509(n,i)2™ be the generating function for the number of grand Motzkin
paths of length n ending at height 4, that is, g(n,7) = g(n—1,i—1)+g(n—1,i)+g(n—1,i+1).

Theorem 4.4. For alli > 1, G;(x) = B;(x) = #ﬂ% Moreover, Forn > 0,i > 1, we

have
h(n,i)=h(n—1,i—1)+h(n—1,7) + h(n—1,i+ 1),
h(n,1) = n-[z" | M(z).

From Theorem 4.4 and (4), it is possible to verify that the sequence T'(n,7) and h(n,n — i)
satisfy the same recurrence relation with the same initial values, therefore they are the same.

Theorem 4.5. The number of cells of height n —i (0 <1i < n) in all Motzkin polyominoes of
length n is given by the trinomial coefficient T'(n,1).

5. THE INTERIOR POINTS STATISTIC

We define the generating functions

Ai(wsq) ==Y 2" Y ¢ and Az giv) =Y Ay(m;q)v' "

n>1 wEMy ; i>1

Theorem 5.1. The generating function A(x;q;v) is given by

. 1 i 4 z
coem) — J e i—=1l,,
M) = o (14 A=) T (o0 o= 1250 )

§>1 i=1

By setting v = 1 in Theorem 5.1, and solving for A(z;q;1) we can state the following result.

Corollary 5.2. The generating function H(x,q) := A(x;q;1) for the number of nonempty
Motzkin polyominoes according to the length and the number of interior points is given by

. 1 . 1
2]21 ) ngl (qz 1 l—qi>

_ ol il (el 1\
1 ijl g Hi:1 (q 1_qi>

H(:Ea(J) =
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Hx,)=z+22+ 1 +qz>+ 1+ q+ ¢+ )
+(1+20+q%2 +2¢3 + ¢* + ¢® + ¢5)2° + 0(=").
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FI1GURE 4. Motzkin polyominoes of length 5 and their weighted interior points.

Corollary 5.3. The generating function of the number of interior points over all Motzkin
polyominoes of length n is 2_33”_5:”22_96 ((211956;(25%1')1_2%_%2, and an asymptotic for the n-th
coefficient of the series expansion is 3" /2. The expected value of the number of interior points
] \/§n3/2. Moreover, the number of interior points over all Motzkin polyominoes of length n

is £ (3" = 3T) — 2T, + 2mpy_1.
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