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ABSTRACT: Carlitz and Scoville in 1973 considered a four-variable polynomial that enumerates permutations
in &,, with respect to the parity of its descents and ascents. In recent work, Pan and Zeng proved a g-analogue
of Carlitz-Scoville’s generating function by enumerating permutations with the above four statistics along with
the inversion number. Further, they also proved a type B analogue by enumerating signed permutations with
respect to the parity of descents and ascents. In this work, we prove a g-analogue of the type B result of Pan and
Zeng by enumerating permutations in *8,, with the above four statistics and the type B inversion number. We
also obtain a g-analogue of the generating function for the type B bivariate alternating descent polynomials. We
consider a similar five-variable polynomial in the type D Coxeter groups as well and give their egf. Alternating
descents for the type D groups were previously also defined by Remmel, but our definition is slightly different.
As a by-product of our proofs, we get bivariate g-analogues of Hyatt’s recurrences for the type B and type D
Eulerian polynomials. Further corollaries of our results are some symmetry relations for these polynomials and
g-analogues of generating functions for snakes of types B and D.
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1. Introduction

For a positive integer n, let [n] = {1,2,...,n} and let &,, be the set of permutations of [n]. For a permutation
T =m,T2,...,Tp € &y, an index ¢ € [n — 1] is said to be a descent of 7 if m; > ;1. Define DES(7) = {i €
[n— 1] :m; > w1} to be the set of descents of 7 and let des(w) = |DES(7)|. The classical Eulerian polynomial
is defined as the generating function of the descent statistic over &,,, that is,

An(ty= 37 s,

TeS,

These polynomials are very well-studied. The books by Foata and Schutzenberger [4] and by Petersen [9]
contain many interesting results on these polynomials. The Eulerian polynomials are further generalized to
get 1/k-Eulerian polynomials, see for example Ma and Mansour [6]. An index i € [n] is called an ascent
of m € &, if m; < m;1. Taking parity of the position of the descents, one can define odd ascents, odd
descents, even ascents and even descents. Formally, let EvenDES(w) = {i € [n — 1] : m; > m41,1 is even},
EvenASC(n) = {i € [n — 1] : m; < mi41,¢ 18 even}, OddDES(7) = {i € [n — 1] : m; > 41,4 is odd} and
OddASC(m) ={i € [n—1] : m; < W41, is odd}. Carlitz and Scoville in [2] considered the polynomial

An(SO, s1,to, tl) _ Z sgasc(rr)stl)asc(w)tgdes('rr)tﬁdes(w).
€6,
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They gave the exponential generating function (egf henceforth) for the above polynomial (see Theorem [2,
Theorem 3.1]). Pan and Zeng considered a g-analogue of the above polynomial by adding the inversion number
as well. For 7 € &,, define inv(m) = [{1 <i < j <n:m > m;}|. They considered

An(SOa 51, to, t17 q) _ Z Sgasc(‘n')S(l)asc(‘n')tgdes(ﬂ)t(l)des(ﬂ)anv(ﬂ—)'
TeS,
Pan and Zeng gave the following egf for A4,,(so, s1,to, t1,q). For integers i > 0, define [i], = (14+q+---+¢" 1)
and define nly =[], [i]q. Recall that eq(u) = Z # Separating the odd and even terms, let

n>0 "4

Coshq(u)zw and sinhq(u)zw.

Pan and Zeng in [7, Theorem 1.2] showed the following (they use the variables x,y for what we denote t, s
respectively.)

Theorem 1.1 (Pan and Zeng). Let a = \/(to — so)(t1 — s1). Then,

(s1 4 t1) coshy(au) + asinhy(au) — ¢ (coshg (au) — sinhg (au)) — s1
s0s1 — (Sot1 + s1to) coshy(au) + tgtl(coshz(ozu) — sinhg(au))

ZAn(507817t07t1,q)u"/n!q =

n>1

Using the same notation, Theorem 1.1 gives rise to an identity for the bivariate Eulerian polynomial and
the bivariate alternating Eulerian polynomial. It is easy to see (and noted by Pan and Zeng [7]) among the four
statistics that involve descents and ascents in Theorem 1.1, there are choices of two of them which determine
the other two statistics. Indeed, using our result, we get type B and type D counterparts of Theorem 1.1. These
are presented as Theorem 2.4 and Theorem 3.2 respectively.

Pan and Zeng in [7] also gave a type B counterpart of these identities without the variable ¢ (that is,
without taking type B inversions into account). For a positive integer n, let [£n] = {£1,£2,...,£n}. B,
is the set of permutations 7 of [+n] that satisfy 7(—i) = —m(i). Let mo = 0 for all # € B,, and let [n]g =
{0,1,2,...,n}. Define EvenDESp(7) = {i € [n—1]p : m; > 11,4 is even}, EvenASCp(r) ={i € [n—1]p: m; <
mit1,0 1s even}, OddDESg(7) = {i € [n — 1]o : m; > miy1,¢ is odd} and OddASCg(n) = {i € [n — 1] : ™ <
mit1,4 is odd}. Define odesp(m) = |OddDESg ()|, edesg(m) = |EvenDESg(w)|, oascp(w) = |OddASCp(r)]
and lastly eascp(m) = |EvenASCp(w)|. Further, define

Bn(s,t): Z SedeSB(ﬂ')tOdeSB(ﬂ') and Bn(&t): Z SeaSCB(TF)tOdeSB(ﬂ'). (1)
TEB, TEB,

Setting s = ¢ in the polynomial Bn(s7 t) gives B, (t), the type B alternating Eulerian polynomial which has been
studied for example by Ma, Fang, Mansour, and Yeh [3].

Theorem 1.2 (Pan and Zeng). Let o = (1 — s)(1 —t). Then, we have

71(2u)271 n+1 2n
Z B S, t (8 + t) En>0 (2n)! + Zn>0 (2n)' (]‘ + St)
27’L = a™(2u)2n I
>! (L+5t) = (5 1) 2,50 o
oyt
5 wtt (PN D) Y0 BT
Z 2n+1 s t) (2 + 1) - an(2u)?m ’
n>0 (L+st) = (s +1) X >0~z

They also gave similar results about the type B alternating descent polynomials. Their result is as follows.

Theorem 1.3 (Pan and Zeng). Let o = (1 — s)(1 —t). Then, we have

(—a)+1ly?n

(o) (2w (Zo)" Wt
3" Bon(s, tyu®/(2n)! = (L4 5D Xonz0 —Gmyr— + 2onz0 ™ (zy (s +1)
n{S, I = — ’
nzl (s+1)—(1+st) Enzo%

a)71+1u2n+1

) (14 5) Ym0 e —
7 Bonea (s, a2+ /(20 + 1)! Zn20 0 e
"0 (s+1) = (14 5t) > 0z0

2n+1
Let Ho(s,t,u)

U
d H t Bs, ti
Z an I(Sa 7U 7; 2 +1 S, )(2 +1)
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Recall that cosh(z) = %(exp(x) + exp(f:r)) and sinh(z) = %(exp(a:) — exp(f:z:)).

Define M? = a. (2)
It is easy to see that the following alternate form can be used to state Theorem 1.2.
Theorem 1.4 (Pan and Zeng). With the above notation,

Hols.tu) = M? cosh(uM) 3)
R M?2 cosh?(uM) — (s + 1)(t + 1) sinh®(uM)’

M (s + 1) sinh(uM)
M?2 cosh?(uM) — (s + 1)(t + 1) sinh® (uM)

Recall that length in Type B Coxeter groups is defined as follows (see [9, Page 294]). For 7 € 9B,,,

Hl(Sa t7u)

|
—~~
=~
~

invp(m)={1<i<j<n:m>m}+N{{1<i<j<n:—m>mn;} + Negs(m),

where Negs(r) = {m; : ¢ > 0,m; < 0}. Further, recall the definition of odesp () and edesg(w) from earlier.
Define

Bn(t,q) _ Z tdesB(ﬂ')qian(ﬂ') and B, (S t, C] Z SedebB )todesB(ﬂ') 1an(7r) (5)
7\'6%71 776‘371
(sstigu) = 3 e (sstigu) = 3 ) (6
Hy(s,t,q,u Boy(s,t,q) =———— and Hi(s,t,q,u Boni1(8,t,q) =—————— 6
k>0 an( ) k>0 B2n+1(1 q)
Let expg(u;q) Z B . As before, we separate terms with odd and even exponents and define

n>0

expp(u; q) + expp(—u; q)
2

With this notation, our first main result is the following g-analogue of Theorem 1.4.

Theorem 1.5. We have

expp(u; q) — expp(—u; q)
5 .

coshp(u;q) = and sinhp(u; q) =

(1—23) ((1 — tcoshy(Mu))coshp(Mu; q) + ¢ sinhg (Mu)sinh g (Mu; q))

Hols,t,q,u) = 1 — (s + t) coshy(Mu) + steq(Mu)eq(—Mu) ’ @

M((l — scoshy(Mu))sinhg(Mu; q) + ssinhq(Mu)coshB(Mu;q)>

Hl(sataqvu) = 1— (s +t) COShq(M’LL) + Steq(MU)eq(_Mu) . (8)

Theorem 1.5 is proved in Subsection 2.1. Recalling (1), define

2n+1

stu
+1)

and H1 s, t,u) ZBgnH s, t
n>0 ) n>0

We have rewritten Theorem 1.2 as Theorem 1.4 and stated our generalization as Theorem 1.5. Similarly, it
is easy to see that Theorem 1.3 can be rewritten as follows.

Theorem 1.6 (Pan and Zeng). With the above notation,

—(s = 1)(t = 1) cos(Mu)

s+t — (ts+1)cos(2Mu)’

- —M(s+ 1) sin(Mu)

Hy(s,t = .
(s,tyu) s+t — (ts+1)cos(2Mu)

ﬁo(s,t,u) =

Define B,L(S, t, Q) — Z s odesp (‘n’)scascB(fr)qmvs and let

2n+1 u2n

1(s,t,q,u Bont1(s,t, , and fIs,t,, ant .
q,u ngo 2nt1( qun+1( 1,9) of q,u T;J 2 Q)an( q)

Moreover, let

expp(iu; q) + expp(—iu; q)
2

Another of our main results is the following g-analogue of Theorem 1.6.

expp(iu; q) — expg(—iu;q)
5 .

cosp(u;q) = and sing (u; ) =

ECA 4:1 (2024) Article #S2R3 3
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Theorem 1.7. We have

R (s—1) ((1 — tcosq(Mu)) cosp(Mu; q) — tsing(Mu) sing (Mu; q))
HO(Sataqau)

s+ teg(iMu)ey,(—iMu) — (ts + 1) cosy(Mu) ’

-M ((s — cosq(Mu) sing (Mu; q) + sing(Mu) cosp(Mu; q))
Hl (S, t7 q, ’LL)

s+ teg(iMu)eq(—iMu) — (ts + 1) cosq(Mu)

The proof of Theorem 1.7 is also given in Subsection 2.1. We move to our counterpart of this result to
type D Coxeter groups ©,,. Recall that ©,, is the subgroup of 9,, consisting of the signed permutations which
have an even number of negative signs. We denote —1 as 1 and for 7 = 7, ma,..., T € D, define T = —m
and let DESp(m) = {i € {—1,1,...,n — 1} : m; > m;;41} be its set of descents. Let desp(m) = |[DESp(7)].
Moreover, let OddDESp(7) = {i € [~1,n — 1] — {0} : m; > m);41 and i is odd} be the set of odd indices where
descents occur in 7 and similarly let EvenDESp(7) = {i € [-1,n — 1] — {0} : m; > m+1 and ¢ is even}. Let
odesp(m) = |OddDESp(7)| and edesp(w) = |EvenDESp(m)|. Recall that length in Type D Coxeter groups
invp is defined as follows (see [9, Page 302)):

invp(m)={1<i<j<n:m>m}+|{1<i<j<n:—m>m}.

Remmel in [12] has given a definition of alternating descent for type D Coxeter groups based on a total
order on the elements of [+n]. The polynomial that Remmel gets is different from the one we have. Remmel’s
main result is a joint distribution of alternating descents and alternating major index in types B and D Coxeter
groups. Below, we consider a slightly different polynomial enumerating alternating descents and type D inversion
number in ®,,. Our definition uses the parity of the position of descents as before. Formally, define

Dn(t,q) _ Z tdeSD(ﬂ')qinVD(T{') and D, (S t q Z SedesD Tr)todesD(Tr)qva 7r) Define

TED, TED,
u2k 2k+1
DSt ngstq nglstQ7
( ];) ’ )D2k( ) ];) * ’ )D2k+1<1 q)

Define ﬁn(s’ t, q) = ZFE’D,L tOdesD(ﬂ)seaSCD(ﬂ)qlnvp and let

2n 2n+1

=~ u Py U
Do(sataq7 D2n S, t q) ) Dl(S,t,q, D2n+1 S, t q)i
nz>:1 Dan(1,49) ,; Dony1(1,q)

Moreover, let expp(u;q) Z D . We split it is odd and even parts and write

expp(u; q) + expp(—u; q)

expp(u; q) — expp(—u;q)

coshp(u;q) = ) and  sinhp(u;q) = 5
Recalling M from (2), let
1-tH)M 2t(1 —
OD = wut?(coshy(Mu) — 1)+ w(sinhD(Mu; q) — Mu) + %(sinhq(Mu) — Mu),
ut?(1—s) .
ED = 2t(coshy(Mu)—1)+ (1 —t)(coshp(Mu;q) — 1)+ — sinhg (Mu).

For type D Coxeter groups, our main results are the following.

Theorem 1.8. We have the egfs

ED(1 — ¢ coshy (Mu)) + OD(*2=2) sinh, (M)

Do(s,t =
ols:t,q,u) 1 — (s +t) coshy (Mu) + steq(Mu)e,(—Mu)
Dy(s.tqou) = OD(1 — scoshy(Mu)) + ED(S(Z” sinh,(Mu))

1 — (s +t)coshy(Mu) + steg(Mu)e,(—Mu)
Theorem 1.9. We have the egfs

T'(ED)(1 — t cosy(Mu)) — T'(OD) (X5 sin, (M)
s — (st + 1) cosq(Mu) + teq(iMu)eq(—iMu) ’

ﬁ0(57taQ7u) =

ECA 4:1 (2024) Article #S2R3 4
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'(OD b .
Biotqu) — T (s — cosg(Mu)) — T"(ED) (Y2 sing (Muw))
T s — (st + 1) cosq(Mu) + teg(iMu)ey(—iMu)

where

T'(OD) = +/sut*(cosy(Mu) —1) — ((;:lt)i\/é(sinp(Mu; q) — Mu)
+W(sinq(Mu) — Mu),

ut?(s — 1)y/s
sM

T'(ED) = 2t(cosq(Mu)—1)+ sing(Mu) + (a ; 2 (coshp(Mu;q) — 1).

The proof of Theorem 1.8 and Theorem 1.9 appear in Subsection 3.1. It can be checked that Theorem 1.8
refines a result of Reiner [10, Corollary 4.5] for type D Euler-Mahonian polynomials. Our proofs in both the
type B and type D cases use an inclusion-exclusion-based argument.

1.1 Refining Hyatt’s recurrences for the Type B and Type D Eulerian polynomial

As an outcome of our proofs, we get a refinement of Hyatt’s recurrences for the type B and type D Eulerian
polynomials. Hyatt in [5] gave the following recurrences for type B Eulerian polynomials. We partition %,
based on the sign of the last element. Define B, = {w € B,, : m, > 0} to be the set containing the elements of
%, with last element being positive and let B, = B, — B} Define B (t) = 3 i+ tdesz(m) - The following
result is due to Hyatt.

Theorem 1.10 (Hyatt). For integers n > 1, we have

n—1

Bf(t) = Z <Z> By (t)(t — )"k,

k=0
Our extension of Theorem 1.10 involves the following polynomial. Define
Bf(s,t,q) _ Z SedesB(W)todesB(ﬂ')qian(ﬂ')_ (10)
reBE
Our type B generalization is the following.

Theorem 1.11. For even positive integers n, we have

2r41 n
B;LL(Sﬂta Q) = q( 2 ) (27" + 1> an—Zr—l(Svtv Q)(S - 1)T(t - 1)T

0
+30(3) Bualstals =170y

For odd positive integers n, we have

Bt = 2,7 ) Beaaltae -1 (- 1y

3 4% (i)angr(s, tq)(s—1)"(t—1)""

It is clear that setting ¢ =1 and s =t in Theorem 1.11 gives us Theorem 1.10. The proof of Theorem 1.11
appears in Subsection 2.2. For Type D Coxeter groups, our analogous result is Theorem 3.3.

1.2 More consequences

Another outcome of our results is some symmetry relations. For the type B case, our results are Theorem 2.5
and Lemma 2.4. For the type D case, our symmetry results are Theorem 3.4 and Corollary 3.6.

From the g-analogue of our generating function, we naturally get a g-analogue of the enumeration of type B
and type D snakes. These results are presented in Section 4. Enumeration of type B and D snakes with respect
to some statistics and thus g-analogues have been obtained, see for example, Verges [14]. However, to the best
of our knowledge, we have not seen g-analogues involving the appropriate length function in these groups.

ECA 4:1 (2024) Article #S2R3 5
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2. Type B results

Recall that 9B, is the set of permutations of [+n] = {£1,+£2,...,+n} satisfying n(—i) = —n(¢). We think of =
as a word m = mg, w1, T2, ..., T, Where m; = w(i) and mo = 0.

For positive integers n and an integer ¢ with 0 <i < n, let ([Z.L]) = {A C[n]: |A| =i} be the set of subsets
of [n] with cardinality ¢. We define a signed subset (A, ¢) to be a subset A C [n] and € is a string of signs + of
length |A|. Here, each element a; € A has either a positive or a negative sign, encoded by ¢;, attached to it.
When a € A, we denote a positive signed a just by a and a negative signed a by a. The set of all signed subsets
of size i of [n] will be denoted as sgn([i]) Clearly, |sgn( )| =2/(").

Let G, ; be the set of signed permutations m € B, such that the last n — i elements of 7 are increasing,
that is we have 41 < Miyo < -+ < Tpo1 < Tp. It is easy to see that |Gy ;| = 2"(7})il. Let 7 = 0,1,2,...,n
and define G, _; to be the set containing the single element 7. For example, when n = 3, # = 0,1,2,3 and
G3,71 = {7‘(}

Let 0 = 0,01, ,0n—; € B,_; and (A,¢e) € sgn([?i) be a signed subset. Moreover, let [n] — A =
{c1,¢2,...,¢n—;} be written in ascending order, that is with ¢; < ¢o < -+ < ¢,—;. We define a map h :
Br—i = Bycieo,...cn,y Which for 1 <k <n — i, maps k to ¢, and preserves the sign. Formally,

h(o) = 0,71, T2, ...y Tr—i, (11)

where for 1 < i < n —1, if |o;| = k then |m;| = ¢, and 7; has the same sign as ¢;. This map h is clearly a
bijection and is hence invertible.

By inverting the map h on the elements of [0,n] — A and appending the elements of (A4,¢€) in ascending
order, we get a signed permutation in G, ,—;. This map is also invertible, and thus we have a bijection

f:B,_;ix sgn( ) — Gy n—; defined below. Let 0 € B,,_; and (A, ¢€) € sgn([ ]) For a set S (resp. a signed set

(S,€)), by [9] (respectlvely by [(S, €)]), we denote the string obtained by writing the elements of S (respectively
(S,€)) in ascending order in the usual linear order of Z. Define f(o,(A,¢€)) = h(0)[(4,€)] where h(o)[(A4,€)]
denotes the juxtaposition of h(c) and [(A, €)].

K

Example 2.1. Letn="T7,i=4,0 =0,2,1,3 € B3 and (A,e) = {1,4,5,6} be a signed subset ofsgn([Z]) Then
[0,n] — A =1{0,2,3,7} and thus h(c) = 0327. Moreover, we have [[0,n] — A] = 0,2,3,7 and [(A4,¢€)] = 6,4,1,5.
Therefore, f(o,(A,€)) =0,3,2,7,6,4,1,5. We also have f([[0,7] — A],(A,¢€)) =0,2,3,7,6,4,1,5.

Lemma 2.1. For positive integers n, we have

Z gmve(f(0m]=A(4,0) — (:L) 1+ g1+ g Y- (14 g™+,
(A,e)esgn([:f]) q

Proof. We proceed by induction on n. The base case when n = 1 is easy to verify. We assume the result is true
for n and want to show it holds for n 4+ 1. Thus, we want to show that

. 1 .
S gveont-ALA9) - (”* ) L+ ™)L +¢") - (L+¢" ). (12)
q

r+1
(A,e)esen(InH)

Let n(n,7) = (1 +¢")--- (1 + ¢"~"*1). We partition sgn([”H]) into the disjoint union of the following three
subsets and determine the contribution of each of these three sets.

1. A ={(4,¢) € sgn([ﬁ}]);m 1e (A e},

2. Ay ={(A,¢) € sgn([”+11) n+1¢€ (A€},

3. Az = {(A,e) esgn("T])in+1¢ (4,¢)}

Ifn+1€ (A e),as [(A4,¢)] is in ascending order, it will be the rightmost element of f([[0,n+ 1] — A],[(4,€)])
and thus it will contribute no extra inversions. Thus

inv - € n
Y g, )D):”("”")(r>' (13)
(A,e)G.Al q

Ifn+1€ (A, ¢€), then n+ 1 has to be in the 'n —r+1’-th position in f([[0,n+1]— A], (4, ¢€)). Every element
of [[0,n + 1] — A] will be to its left and will thus contribute 2 inversions. Further, every element to its right will
contribute 1 inversion. Thus, we get 2n — r 4+ 1 new inversions. Therefore,

inv — € _ n
> eI I=ALAAD) — 5, g™ T+1(r> ' (14)
(A,E)G.AQ q

ECA 4:1 (2024) Article #S2R3 6
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Lastly, when n+ 1 € [0,n 4 1] — A, then it has to be the rightmost element in [0,n + 1] — A. Every element
of (A, e€) will contribute one inversion and thus we get ‘r + 1’ extra inversions. Hence,

i - € T n T n—r n
> gl =AADD) = gty (n,r 4 1)< ) = (r - 1)
q

15
(ADe r+1 (15)
€ 3

a
Summing up (13), (14) and (15), we get
Z g s (([[0:n+1]-A],(A,)))

(A,e)Esgn([fill])

n(n,r) ((Z) q +gn (:L)q +q (14" (7, Z 1) q)

= n(nﬁ)<(1 +q”+1)<:ii>q> =nn+1,r+ 1)(7:::)(1.

The last equation follows from the ¢-Pascal recurrence for the Gaussian binomial coefficients (see [9, Chapter
6]). The proof of (12) and hence of Lemma 2.1 is complete. O

We illustrate the statement of Lemma 2.1 by the following example and we write permutations without
comma for brevity.

Example 2.2. When n = 3 and r = 1, the set sgn(I") is clearly {{3},{3},{2}, {2}, {1}, {1}} and hence we

have
Z quVB(f([[Om]—A],(A,e)))
(A,e)Esgn([f])

qian(0123) +qian(012§) +qi11VB(0132) +qian(013§) _'_qian(0231) +qian(023T)

3
= 1+ 4+q+¢"+P+F=1+q+*)1+¢°) = (1> (1+¢%).
q

When n = 4 and r = 2, the set Sgn([:‘}) is clearly {{3,4},{3,4},{3,4},{3,4},{2,4},{2,4},{2,4},{2,4},{2, 3},

{5,3},{23},{53},{1,4},{T,4},{1,1},{T,Zc},{l,:s},{i?)},{l,?},{1,3},{1,2},{T,2},{1,§},{T,§}}. It is easy

to verify that

Z qinVB(f([[O»n]—A]v(A,e)))
(A,e)Esgn([?])

= 1+q+2¢°+2¢° +3¢" +3¢° +3¢° +3¢" +2¢° + 2¢° + ¢'° + ¢

= ) = (5) Q)

Corollary 2.1. Let o € B,,_, be a signed permutation and (A,€) € sgn([f]) be a signed subset. Then

i i n — n—r
S et = e () (1)1 (g, (16)
(A,e)esgn([",]) q

Proof. For o € B,,_, and (A, €) € sgn([f]), we have

invg(f(o, (A, €))) = invp(h(o), [(4,€)])) = invp(f([[0,n] — A, (4, €))) + invp (o).

The proof follows as it takes exactly invp(o) inversions to get h(c) from the identity permutation in B,_,
(recall h(o) is defined in (11)). O

Adding (16) overall = € B,,_, gives us the following.

Corollary 2.2. For positive integers n, we have

sp(o) edesp (o) inv o € " " o
Z Z fodesi (0) gedesi (o) ginvi (F(0,(4,0))) — Bnr(s,t,q)<r> (1+q™)--- (14 g,
o€B, (A,e)Esgn([:]) '
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Reiner in [11] gave the following egf for the polynomial enumerating descents and length in %B,,.

Theorem 2.1 (Reiner). We have the following:

u"  (1—t)expg (u(l —1t);q)
2 Bn a5 n(lg)  1—texp(u(l—t);q)

n>0
It can be seen that Theorem 2.1 is equivalent to the following.

Theorem 2.2 (Reiner). For positive integers n, the polynomials B, (q,t) satisfy the following:

- B _k(t,q)(1 =)k (1 —t)n*!
tz B vk, | Ba(lg)

We are now interested in proving a trivariate analogue of Theorem 2.2. Towards that, we start with the
following lemma.

Lemma 2.2. Let n be a positive integer and let 0 < i < n. When ¢ is odd, we have

Z tOdesB (W/)SedesB (ﬂ—/)qian (77/) — th (87 ta q)Bn(L C{)
7' €Gn,i B;(1,q)[n — 14!

+ (1 _ t){ Z todesB(ﬂ")sedesB(‘n")qian(ﬂ-’) } (17)

T EeGn i1
When i is even, we have
Z todesB edebB( " inve(w') _ Bl(svt’q)Bn(l’Q)
q = S T
P Bi(L. )l — !
+(1 _ 8){ Z todesB(Tr/)sedesB(Tr’)qian(ﬂ")}' (18)
T EeEGH i1

Proof. We prove (17) first and therefore take ¢ to be odd. Let F,, ; = G,,; — Gy, i—1. We have

Z todesB(w)SedesB(w)qinvg(f(m(A,s)))
(7,(A,€))€B; xsgn (1))

_ Z todesp () gedesp (w)qian (f(m,(As€)))
(m,(A,€))€f~H(Gn i)

_ Z odesn (ﬂ)sedeSB(Tr)qinVB (f(m,(A,€))
(m,(Ae))€f~H(Gn,i-1)
+ Z todesp () gedesp (w)qian (f(m,(As€)))

(m,(A,e))Ef =1 (Fni)
_ Z todeSB(f(TnA))sedeSB(f(ﬂ»A))quVB(f(ﬂ»(Aae)))

f(m,(As€))€Gn i1
1 . .
_|_{ Z todcsB(f(rr,A))ScdcsB(f(ﬂ',A))qlan(f(‘n',(A,e)))}

f(Tr7(A:€))an,i
— Z todesB (Tr’)sedesB(rr’)qian(rr’)

T E€Gn i1
1{ d ’ d ’ . ’ d ’ d ’ . ’
4= Z 1° €SB(7T)58 esp(m )qlan(ﬂ') o Z 0 esp(m )Se esp(m )qlan(w) )
t 7' EGn,; T E€G,i—1

The second equality follows because f is a bijection between B; x sgn(i’l]i) and G, ;. For the fourth equality, we
have used that ¢ is odd. In the fifth equality, we are again using that f is a bijection and F,, ; = Gp; — Gp i-1.
From Corollary 2.2 with i = n — r, we have

Bis.t,q)( " ) (14g") (1 +g"
)
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_ (t o 1) Z todes(ﬂ")sedesB (w')qian (7") + Z todesB (Tr')sedesB (TK‘/)qinVB (71"). (19)
T EGn,i—1 ' €Gn,i

The following result is easy to see

n—1

(") gy = g et (20)

Combining (19) and (20) completes the proof of (17). The proof when i is even is similar and hence is
omitted. O

In the following example, we illustrate Lemma 2.2.

Example 2.3. We first provide an example when i is odd. Let n = 3 and i = 1. It is easy to verify the
following:
Z 2fodesB(‘n")SedesB(Tr/)qian(w/)
€G3

= 1+ (s+t)g+(s+20)> +2(t +5) + (ts+2t +5)(¢* +¢°) + (ts +t +5)¢° + (t +ts)g" + tsq®.
Moreover, Bi(s,t,q) =1+ sq, B3(L,q) = 1+ )1 +q+¢° +¢*) 1+ ¢+ 6>+ ¢* +¢* +¢°), and

Z todcsB(ﬂ')SCdCSB(ﬂ")qian(ﬂ") =1+sq+ 8q2 +23q3 + sq4 + sq5 + sqﬁ.
' €G30

Equation (17) clearly holds when n =3 and i = 1 by simple algebraic manipulation. We now give an example
when 1 is even. Let n =3 and i = 2. We have
Z todesB(n’)sedesg(ﬂ’)qian(ﬂ’)
7 €G3,
= 1+ (2s+t)q+ (s> +25+2t)¢* + (s> +ts + 2t + 35)¢® + 2(s* + ts + s + 1)(¢* + ¢°)
+(28% 4 3ts +t + 5)¢° + (t + 2ts + 252)q" + (2ts + s%)¢® + ts%¢°.

Further, Ba(s,t,q) = 1+ (t +5)(q¢ + ¢*> + ¢*) + tsq* and gzg:gg =1+q¢+¢@+¢+¢" +¢°). Now it can be

easily verified that equation (18) holds when n =3 and i = 2.
We are now in a position to give a refinement of Theorem 2.2.

Theorem 2.3. Let By(s,t,q) = 1. When n > 1, the polynomials By, (s,t,q) satisfy the following recurrence:

Ba(s,t,q) (1—t)k(1—s)k+t 2 w1 Bnoar_i(s,tq)
= + t1-t)"(1—9)"
Bo(1,q) A DU AU ey e
k
Bn—QT(sat7Q) . .
+» s(1—-t)"'(1—-8) —-—"" if n = 2k is even, 21)
; By _2r(1,9)[2r]4! (
Ba(s,t.q) _ (1— t)’“rl(l 5)k+1 . Z sy Bn_2,-1(5,t,q)
B,(1,q) B, (1, By_or—1(1,q)[2r + 1]!
" r r B”—QT(S7taq) . .
—0 n—2r\l, q°

Proof. Recall that G,,; is the set of signed permutations whose rightmost (n — i) entries form an increasing
run. Thus, Gy, -1 = B,. Further, G,, ;1 is just the signed permutation 7 = 0,1,2,--- ,n. Let n be even. By
repeatedly applying (18) and (17) we have

Bn(S,t, q) — Z tOdCSB(T(‘)SCdCSB(‘ﬂ')qinVB(ﬂ')
T€Gn,n-1
ZBIADEAY) ( dosn () godoss ()
¢ + (1 _ t) Z todesn Tr)Se eSB(ﬂ')qlan(ﬂ')
Bn1(1,9)[1]4! G
B — q)B,, 1 B, _ t,q)B(1
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+(1 _ t)(l _ S) ( Z todesB () SedesB (W)qian (7\'))

TE€Gn,n-3

Bn—2r—1(17Q)[2T 1]‘1'

Bn—2'r’(57 ta Q)BTL(17 Q)
Bn72r(17 Q)[ZT]Q! .

+

k—1
_ (1 N t)]g(]- _ S)k+1 + Zt(l - t)r(l N s)»p+1 Bn72r71(s7tvq)Bn(17 q)
r=0

k

+ Z s(I=t)"(1—9)"

r=0

This completes the proof of (21). We now consider the case when n is odd. Here, we will get

Bn(s,t,q) — Z todesB(ﬂ')SedesB(rr)qian(71')
TE€Gn n-1
anl(&taq) ( d; d i
= g——— 7 4 (1 _ S) Z odesp(m) ge eSB(T()qlan(ﬂ')
|
Bn—l(lﬂq)[l]fI' TE€EGn.m—2
Bo_1(5,t,¢)Bn(1, By_o(s,1,
- s n 1(Sa 7q) L( Q) +(1_S)t n 2(8 Q)
B-1(1,q)[1]g! By,—»(1,9)[2]4!

+(1 _ S)(l _ t) ( Z todesB(W)SedesB(ﬂ)qian(ﬂ')) )

TE€Gn,n—3

+

Continuing as in the case when n was even, completes the proof of (22) and hence completes the proof of
Theorem 2.3. 0

2.1 Type B Generating Functions

We recast Theorem 2.3 in the language of egfs to prove Theorem 1.5. Recall our definitions from (6).

Proof of Theorem 1.5. For positive integers n = 2k, we have

Ba (s, t, q)u?* (1— )1 —s)k 20 L /(1= 1) (1 — 8)"u2"\ [ $Bp_or (s, t, q)u" 2"
Bu(1,q) - Bn(1,q) " ; ( [2r]4! ) ( Bn—2r(1,q) )
k—1

(1 _ t)r(l _ S)r+1u2r+1 tBn72r71(3, t, q)un_gr_l
> ( [2r + 1], ) < Brar—1(1,9) ) (23)

r=0
When n = 2k + 1, we have

Ba(s,t, q)u2k+! (1 — ) F1(1 — 5)k+1y2h+1

Bn(laq) B Bn(LQ)
k . . .
(1—t)"(1 = s8)"u?"\ (tBn_2.(s,t,Q)u" %"
3 ( 2], ) ( Byl )

r=0

0 G 1]jl)ruzr+1) ] (24)

Bl |

+

r=

Summing (23), (24) over k > 0 yields

(1 —s)coshp(Mu;q) + M sinhg(Mu;q) = BO<1 — scoshg(Mu) — T

+B1(1 — tcoshy(Mu) — tLsinh,(Mu)), (25)

where L = /(1 —s)/(1 —t), Bo = Ho(s,t,q,u) and By = Hy(s,t,q,u). Changing u to —u gives us

s sinhg(Mu) )

(1 —s)coshp(Mu;q) — M sinhg(Mu;q) = By <1 — scoshg(Mu) + ssmhz(]\/[u)>
—B1(1 — tcoshy(Mu) + tLsinh, (Mu)). (26)
Solving (25) and (26), completes the proof. O
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Remark 2.1. We show that setting ¢ = 1 in Theorem 1.5 gives Theorem 1.4. We claim that Ho(s,t,1,u) =
Ho(s,t,%) and likewise Hy(s,t,1,u) = Hy(s,t,5). As B,(1,1) = 2"n!, coshp(u;1) = cosh(%), sinhp(u;1)

’ 2 =
sinh(§), and eq(u)eq(—u)lq=1 = 1, setting ¢ = 1 on the right-hand side of (7) gives the right hand side of (3).
Similarly, setting ¢ = 1 on the right-hand side of (8), we get the right hand side of (4).

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. If Bai(s,t,q) is the polynomial defined in (5), it is easy to see that ng(s,t,q) =
s¥Bor(1/s,t,q). Therefore,

N 1
Ho(S,t,q,U) = H0(77taQ7 \/gu)
S

(s—1) ((1 —tcosy(Mu)) cosg(Mu; q) — tsing(Mu) sing(Mu; q))

s+ teg(iMu)eg(—iMu) — (ts + 1) cosq(Mu)
As the proof is complete, we move on to the case when n = 2k + 1 is odd. Clearly, in this case, we have

BZ/{:-‘rl(sv ta Q) = Sk+1B2]€+1 (i? ta q) . Thereforev

Hi(s,t,q,u) = fH1( £, q,v/5u)

—M((s — cosq(Mu) sing (Mu; q) + sing(Mu) cosp(Mu; q))

s+ teg(iMu)ey(—iMu) — (ts + 1) cosq(Mu)
This completes the proof. O

Corollary 2.3. We have the following egf for the type B bivariate alternating descent polynomials:

- u  —(s—1)(t —1)cos(Mu) — M(s + 1)sin(Mu)
nZzOB S = s+t — (ts+ 1) cos(2Mu) '

Corollary 2.4. We get an alternate proof of the following egf for the type B alternating descent polynomials
(see also [3] and [8]):

Z B (t)ﬁ = (t—1)%cos((1 — t)u) + (¢* — 1)sin((1 — t)u)
= " ! 25 — (12 + 1) cos(2(1 — t)u) '
As mentioned in Section 1 though we consider a two variable enumerator, we can get a four-variable version
and hence a type B counterpart of Theorem 1.1.
Define variables sq, tg, s1 and t; to keep track of even ascents, even descents, odd ascents, and odd descents
respectively. Let m = \/(so — t9)(s1 — t1). Define the five variable distribution

Bn(SO, Sl,to,tl, Z SeascB (w) oaSCB(u})tedesB(w)todesB( )qian(w).

weDB,

Further, define the generating functions

2k
HO 507817t07t17q;u = BQ}C 50781at0at1aq S 1 N\
u2k:+1
Hi(so,51,t0,t1,q,u) = Boki1(s0,81,t0,t1,9) =———————.
1( 0,°1,00,01 ) ) kz>:0 2 +1( 0,°1,%0,°1, )32k+1(1,Q)

Theorem 2.4. We have the egfs

— t1 cosh h ; t1 sinh inh ;
Ho(s0, 51, 0, 1., 1) <(31 1 coshy (mu))cosh g (mus; q) + t1 sinhg (mu)sin B(mu,q))

so — to 5081 — (tos1 + sot1) coshy(mu) + totieq(mu)eqs(—mu)

)

m ((so — to coshy (mu))sinh g (mu; q) + to sinhg (mu)coshp (mu; q))

H ) 7t 7t ) ) =
10,510, 1,0, ) s081 — (s1t0 + t180) coshy(mu) + totieq(mu)e,(—mu)
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Proof. Recalling (6), it is easy to see that

to t1
H0(50;817t07t1aq7u) = Hp (S’ ;vqa V 8051u>a
0 S1
\/So to t1
H ) 7t 7t Yy = e DR ) .
1(s0, 51, %0, 11,9, u) \F s 5y & V/E0su
The proof is complete. O

2.2 g-analogues of Hyatt’s recurrences and symmetries

Hyatt gives a proof of Theorem 1.10 for the polynomials B, (t) by considering a statistic maxdropg. We give
an inclusion-exclusion argument.

Proof of Theorem 1.11. We prove the two recurrences separately. Let Ay, be the set of signed permutations in
B,, such that the last k41 elements are positive and are arranged in descending order. Thus, the set Ak,l — Ak
is the set of signed permutations with no descent in the (n — k)-th position and with their last k& elements being
positive and descending. Define

Ak(S,t,q) — Z todesB(w)SedesB(w)qian(w).
weAk

We abbreviate Ag(s,t,q) as Ay for the rest of this proof for better readability. When n is even, we claim that

o) (27”; ) Buo(stag)s = sAg s — (s — 1) Ay, (27)
q
(" ) B tq)st T = tAs — (t—1)A 28
qr 2 o 41 , n—2r—1(5,1,q)s 2r — ( ) A4 1. (28)
When n is odd, we claim that
eH(mn ryr
q\? 2 Bn—2r(55t7Q)5 t = tA2r—1 - (t - 1)A2r7 (29)
q
(2T2+1)< n > B r+1l,r _ _
q n—2r—1(53t7q)5 t - SAQT (5 1)A2r+1- (30)
2r+1 q

We prove (27) and (29). The proofs of (28) and (30) follow from a very similar argument. Recall that (" [l ;) is the

set of all (n —1)-sized subsets of [n]. Given A € (i’i), we arrange its elements in descending order and list them

as ai,dg, -+ ,0y_; With a; > ag > -+ > a,_; > 0. Define a new juxtaposition map f’ : B; x (rE”]l) = Ap_iq
that takes (1, A) to the signed permutation 9p,)—4, a1, a2, -, an_;, i.e.

[0, A) = Yp—a, 01,02, an_;.

It is easy to see that f’ is a bijection from B; x (iﬁ]l) to Ap_i_1. We define invz([X],[Y]) to be the number
of inversions that occur between the X and Y. The LHS of (27) is clearly obtained as follows

Z todesB(zp)+odesB(A)SedesB(w)JredesB(A)qian(zp)+ian(A)+ian([wL[A])
(%, A)EB 02, x (5])
_ q(zg)srqtr Z todess () gedess (¥) ginve (¥)+inve (1, [A])
(¥, A)€B 2 x(52])
(Dl ST ST pedesn @) gedesn (@) ginvs (1) Hinvs (W][4)

WEBn - A (I

q(22T)ST_1tT K Bn72r(s7ta q)
2r q

The expression above does not account for the descent occurring at the (n — 2r) th position. Thus, it is off
by a factor of 1 on the set Ay, Further, it counts correctly on the set As,_1 — Ay,. This gives us

r 1
q<22 )Sr_ltr <2n) Bn—2r(sa t7 Q) = A2T—1 - A2T + 71427‘7
T q S
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which is equivalent to (27). Similarly for 2r + 1 , we get (28)

(G WH( " ) B = tAg — (t —
q S 71—27“—1(57 ta q) - tAQr (t 1)A2r+1~
2r+1 q

We now give a short proof of (29). For A € (n:.), we again arrange its elements in descending order
and list them as a1, @z, Gni with a1 > as > --+ > an_; > 0. We now define the juxtaposition map
f7 B x ( [n] ) — A,_;_1 that takes (¥, A) to the signed permutation ¢p,_a,a1,az, -+, an_, i-e.

f”(ﬂ% A) = w[n]—AvalvGI?v c sy Gp—ge

It is easy to see that f” is a bijection from B; x (™ (] ;) to A,_;_1. By a similar argument to that of (27) we
can now show that the LHS of (29) is

Z todesB (¢p)4odesp (A) SedesB (¢)+edesp(A) qian (¢)+invp (A)+inv e ([v],[A])

(9, A)€B 2 x (5)

2r _ r n
— q(2)tr 13 (2’]") Bn—27'(37taQ)'
q

The expression above does not account for the descent occurring at the (n — 27") th position. Thus, it is off
by a factor of l on the set As,.. Further, it counts correctly on the set Ag,_ 1 — As,.. This gives us

S 1
q(2)t’“ g <2r) By _or(s,t,q) = Agr—1 — Ao + ;Azm
q

which is equivalent to (29). Equations (27) and (28) gives

i) Buoars e -0ty

(e () (e

q(2r2+1) (27‘7:- 1) B"—Qr—l(sa ta Q)(S - 1)T(t - I)T

e (C O PCICD

Summing (31), over the indices 1 < r < % and (32) over the indices 0 < r < "T_Q, we get

= Cf " (=1
AO Oq % +1 an—Qr—l(sataq)(S 1) (t 1)

1Y) (o) Baarts.tea)ls = 12 -1

As Ay is the set of signed permutations with elements having a positive last element (ie 9B;), this completes
our proof. O

We recall the polynomials B, (s,t,q) and B;, (s,t,q) from (10). We consider the map that flips the sign of
all elements below and give a few properties.

Lemma 2.3. Let f : B, — B, be the involution that sends w = wy, -+ ,w, to W = Wy, -+ ,Wn. Then, we
have the following.

1. When n = 2k + 1, we have odesp(w) + odesp(f(w)) = k and when n = 2k, we have odesp(w) +
odesp(f(w)) = k.

2. When n = 2k + 1, we have edesg(w) + edesp(f(w)) = k+ 1 and when n = 2k, we have edesp(w) +
edesp(f(w)) = k.

3. The sum invp(w) + invp(f(w)) = n?.
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Proof. The proof of the first two assertions are straightforward and hence omitted. For the third part, we
recall that invp(w) = inv(w) + NegSum(w) where inv(w) = [{(4,5) : 1 < i < j < n : w; > w;}| and
NegSum(w) = 3~ cnegs(w) & Thus, we have

invg(w) +inve(f(w)) = inv(w)+ NegSum(w) + inv(w) + NegSum(w)
= inv(w) + inv(w) + NegSum(w) + NegSum(w)

_ (n+1 n\ o
T
The proof is complete. O

2.3 Symmetry results

Theorem 2.5. For positive integers n, we have

B, (s,t,q) = ¢" sk“thJr( 1l g™ when n = 2k + 1,
B, (s,t,q) = ¢" ’s MBI (st g7 h) when n = 2k.
Therefore, we have
B.(s,t,q) = B (s,t,q)+ q”25k+1th:(571,t71, ¢ Y whenn=2k+1,
Bu(s,t.q) = B[S (s,t,q) +q" s"" B} (st ¢ when n = 2k.
Proof. Let f : B} — 9B be the map that sends w = wy,--- ,w, to W = Wy, -+ ,W,. By Lemma 2.3, when
n = 2k, we have
Z todesB (w)sedesB (w)qinVB (w) _ Z tOdeSB (f(w))sedesB(f(w))qinVB(f(w))
wEB;, weEB;

— Z tk:—odesB(w)sk—edesB(w)an—ian(w)

weBY
— anSktk Z t—odesB(w)s—edesB(w)q—inVB(w).

weB

When n = 2k + 1, we have

Z todesB (w) sedesB (w)qian (w)

weEB, weB,
E tk—odesB (w) 8k+1—edesB (w)qn2 —invg(w)

Z todesB(f(w))SedesB(f(w))qinVB(f(w))

weB T
— q Sk+1tk Z t—odcsB(w) —edesp (w) —1an( )
weB T
completing the proof. O
In a similar manner, the following result also follows.
Lemma 2.4. We have
111
Boi(s,t,q) = kt"ng< e ) when n = 2k,
q
gh+1k 111
Bopi1(s,t,q) = q t" Bok11 e when n = 2k + 1.
s't'q

3. Type D analogues

Let H,,; be the set of signed permutations m € ©,, such that the last n — ¢ elements of 7 are increasing, that is
we have i1 < Mo < -+ < mp_1 < my. Clearly, |H, ;| = 2"~ 1( ) il
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Leto =01, ,0n—; € Dp—;and (A e€) € sgn([zf]) be a signed subset. Further, let [n]—A = {c1,¢a,...,¢cn—i}
be written in ascending order. Thus, ¢; < cp < -+ < ¢,—i. We define two maps h: D, i = Dye eo,. 0,y and
hp : Dn_i = DBy o, — Diercorien_i) as follows:

Cn—i
h(o) =m,ma, ..., i and hp(o) =71, 72, ..., Tn_i,

where for 1 < i <n — i, if |o;| = k then |m;| = ¢ and 7; has the same sign as o;. Both maps h, hp are clearly
bijections and hence invertible.

If (A, €) has an even number of negative elements, then by inverting the map h on the elements of [0,n] — A
and appending the elements of (4,¢€) in ascending order, we get a signed permutation in H,, ,,—;. Similarly, if
(A, €) has odd number of negative elements, then by inverting the map hp on the elements of [0,n] — A and
appending the elements of (A, €) in ascending order, we get a signed permutation in H,, ,,—;.

These maps are also invertible, so we have a bijection fo : ©,_; X sgn([?]) — H,, ,,—; defined as follows. Let
oc€B,_;and (4,¢) € sgn([?]).

Define
h(o)[(A,e)]  if (A, €) has even no. of negatives

fo(o, (A e) = { hp(o)[(A,€)] if (A,€) has odd no. of negatives

where (A4, €) is juxtaposed at the end of the h(c) or hp(o).
We start with the following type D counterpart of Lemma 2.1.

Lemma 3.1. Let (A e) € sgn([ﬁ}) be a signed subset of [n]. Then,

inv n]— € n n— n— n—r
S gmeUall-ALa)) (T) (14 g™ D1+ ¢™2) (144",
(A,e)Esgn([ﬁ]) 4

Proof. We proceed by induction on n. The base case when n = 1 is easy. We assume that our Lemma is true
for n and show that it holds for n 4+ 1. Thus, we need to show the following:

S gmetsonaa) - (") (1) ()
T
(A,e)ngn(["Ill]) g

T

Let n(n,7) = (1 +¢" 1) --- (1 4+ ¢""). We partition sgn([fii]) into the disjoint union of the following three
subsets:

1. A1 ={(4,¢) € sgn([fill]) :n+1€ (A€},

2. Ay = {(A,e) esgn("T) T e (4,6},

3. Az ={(A,e) esgn("T) in+1¢ (4,6}

We next determine the contribution to > sy ¢ Vo (Fo (([n+1]=AL(A4:9)) from each of the above sets.
(A,e)esgn( 1 )

Ifn+1€ (A e), as [(4,¢€)] is in ascending order, it will be the rightmost element of f([[n+ 1] — A],[(4,¢€)]) and
thus it will contribute no extra inversions. Thus

Z qinVD(fD([[7L+1]—A],[(A,e)])) — n(n’ T) (:) . (33)
(A,G)G.Al q

If n+1¢€ (A e), then n+ 1 has to be in the (n —r + 1)-th position in f([[n+ 1] — 4], (A, €)). Every element
of [[n + 1] — A] will be to its left and will thus contribute 2 inversions. Further, every element to its right will
contribute 1 inversion. Thus, we get 2n — r new inversions. Therefore,

i — € n—r T
Y o Uallnt=AlAD)  pn, r)g? <T> , (34)
(Ae)e Az q

Lastly, when n + 1 € [n+ 1] — A, then it has to be the rightmost element in [n + 1] — A. Every element of
(A, €) will contribute one inversion and thus we get ‘r + 1’ extra inversions. Hence,

I A O] G ISV (R R e VRS B
q

35
(Ayed r+1 (35)
€ 3

q
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Summing up (33), (34) and (35), we get

Z g o (Fo((ln+1]=A].(4.6))

(A,e)esgn([fii])

= 1n(n, T)((Z)q +¢nT <2>q A (i (r _r: 1>q> =n(n+1,7+1) (:fj: i)q

The last equation follows from the g-Pascal recurrence for the Gaussian binomial coefficients. This completes
the proof. O

We now illustrate the statement of Lemma 3.1 by the following example. Recall that we abbreviate permu-
tations by dropping commas between elements.

Example 3.1. Forn =3 and r = 1, the set sgn(")) is clearly {{3}, {3}, {2}, {2}, {1}, {1}} and hence we have

Z g (o (((n=Al(4.6)
(A,e)Esgn([‘;’])

_ qinvD(123)+qinvD(231)+qinvD(132)+qinvD(T2§)+qinvD(§3T)+qinvD(T3§)

3
= 1+ +q+ "+ 4+ =1+¢+P)1+¢) = (1> (1+¢%).
q

Corollary 3.1. Let 0 € ©,,_, be a signed permutation, (A, €) € sgn([ﬁ]) be a signed subset.

inv o € invp (o) [T n— n— n—r
T gmeliaelan) - gl ><r) (14" D1+ g™ 2) - (14 ¢"").
(A,e)Esgn([T;]) a

Proof. The proof follows exactly as the proof of Corollary 2.1. The result follows by noting that changing the
sign of the first element does not affect the type D inversion statistic. O

Corollary 3.2. We have

Z Z todesD (U)SedesD (U)qinvD(fD (0:[(A,9)])
0EDn—r (A,e)esgn (")

=Dt () W+ (1)

r

Proof. For a particular o € ®©,,_,., we have
odesp (o) sedesp (o) Z qinVD (fo (o,[(4,)]))

(A,e)ngn([:’j])

: n
— todesD(U)SedesD(a)qva(a) (T> (1 + qn—l)(l + qn—2) . (1 + qn—r).
q

Summing over all possible o € ®,,_,. finishes the proof. O

Lemma 3.2. Let X{1j} be the set of signed permutations in Dy, such that the descent set is a subset of {1,1}.
Then,

, D, (1, 2D,(1,
Z todesD(w)SedesD(w)qva(w) — t2 ( q)' + t(l i t)( ( ' q) - 1> + (1 - t)
weX (1) [n —1]g! [n]g!
Proof. Let Y1 = X4 1y be the set of signed permutations of ©,, with the last n —1 elements in ascending order

and Yy be the set of signed permutations of ®,, such that the descent set is a subset of {1} or {1}. Then, by
inclusion-exclusion, we can say that

Z todesD(w)SedesD(w)qinVD(w) _ t2( Z qinvD(w)> + t(l o t)< Z qinVD(w)> + (1 o t) (36)

wEX{LT} weY weYp

Dy (1,q)
[n— 1],

: 2D,(1,
We just need to show that Z gmvpw) — [5'97)
n),!

weYy

From (3.1), we get Z g™ = —1.

weYr
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If we want a descent at {1} but not at {1} or vice versa, then we need |7(1)| > |7(2)|. This can be done in
the following way. We assign signs to the elements of [n] and arrange them in ascending order. Then, choose the
sign of the first element accordingly to make it an element of ©,, (i.e. to make the total number of negative signs
even). An element i will either contribute 1 if it is positive or ¢*~! if it is negative, giving the term (1 + ¢~ 1).
Therefore, the total contribution would be (1+¢°)(1+¢q)---(1+¢"!). However, this procedure also produces
1,2,...,nand 1,2,--- ,n, out of which we only need the former. The latter has a length of 1 which we subtract
to complete the proof. O

Example 3.2. For n = 2, the set of permutations of Do with descent set being a subset of {1,1} is the whole
Dy itself. For n = 3, the permutations of D3 with descent set being a subset of {1,1} is

Xi1= {123,123,132, 132, 213,213, 231, 231, 312, 312, 321, 321}.
It is easy to verify that

Z 7jodesD(w)sedes,:;(w)qinvD(w)
wGX{LT}
14+ t2¢% +t2¢% + 26%¢* + 2tq + 2tq® + 2t¢> + t2¢°
t2[3]g[4] + (1 = 1)(2[4]g — 1) + (1 —1).

Lemma 3.3. With the above notations, when i is odd, we have

Z todesD(w/)sedesD(ﬂ'/)qinvD (') _ tDz‘ (S, t, q)Dn(L ({)
7 € Hn,s Di(1, q)[n —1]g!
Caoof T el
7T/€Hn,i—1

When i is even, we have

Z todesD(Tr')sedesD(Tr')qinvD(w') o SDi(Sat,q)Dn(:!wQ)
D;(1,q)[n — i]4!

+ (1 N S){ Z tOdeSD(T(/)sedeSD(T(/)qinVD(ﬂ'/)}. (38)

T E€EHp i—1

T E€Hn, 5

Proof. We at first prove (37) and therefore take i to be odd. We evaluate
godesp(m) gedesp (m) Jinvi (f2 (m.(4:€)) i 4 different way as compared to (3.2).

(m,(A,e) €D xsgn( ")

n—

Z todesD(ﬂ)SedesD(Tr)qinVD(f@ (m,(Ase)))
(m,(A,6))€D; xsgn( )
— Z todesD (‘n')sedesD (w)qinvD(fg (m,(A,e)))
(m.(Ae)Efg " (Hn i)
_ Z todesD (Tr)sedesD(Tr)qinVD (fo (m,(Ae)))
(m(A)Efn " (Hn,i-1)
+ Z todcsD(Tr) ScdcsD (w)qinvD(fg (m,(Ase€)))
(m(A0)efn (H), ;)
= Z todesp (fo (m,(4,€))) gedesp (£ (,(A,€))) ginvp (fo (7, (A,€)))
fo(m,(A€)€EHn i—1
+1{ T pedesnUa(m(4.0) gedesn (Fa(r(4.0) gnv(fa <m<A,e>>>}
fo(m(AO)EH) ,
— Z todcsD(rr’)ScdcsD(rr’)qinvD (m")
T EHnp, i1

1 odesp (7') cedesp (7') invp(7) odesp (7') cedesp (7') invp(7)
s B ey ST et gaeotmigmoe L (ag)

' €H, ; T E€Hn i1
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The second equality follows because fg is a bijection between ©; X sgn (T?_L]l) to H,, ;. For the fourth equality, we
have used that i is odd. For the fifth equality, we are again using that fg is a bijection and H;H =H,;,—H, 1.
We determine the contribution of each of these three sets. From (3.2) and (39), we have

tDi(57 ta Q)Dn(L q) — (t _ 1){ Z todesD(w’)sedesD(w/)qinvD(ﬂ")}

; — ]!
DZ(LQ)[n Z]Q' wEH, i1

+ Z todcsD(‘n")scdesD(‘n")qinvD(rr’)

7 €Hn ;
This completes the proof of (37). The proof when i is even is similar and hence is omitted. O
Example 3.3. When n = 3,7 = 2, the set H3 5 is ©3. The set Hz is
{123,123,132,132,213, 213,231, 231, 312, 312, 321, 321}.

Now,

D2(87t7q>D2(17Q) { des / des ’ : ’
S +(1—8) t° esp(m )Se esp(m )qIDVD(ﬂ')
b of =

= s(I+¢)A+q+ A +2tq+t2¢%) + (1 — s)(1 +12¢% + 13¢5 + 2t%¢* + 2tq + 2tq* + 2t¢> + t2¢°)
= %5¢° + (" + ¢° +2¢" + ¢°) + t5(2¢ + 24" +2¢°) + t(2¢ + 24" +2¢°) + s(¢ + 2¢° + ¢* + ¢*) + 1
- DS(Satv(I)

Thus, equation (38) clearly holds when n =3 and i = 2.

Our next result is a type D counterpart of the recurrence given in Theorem 2.3.

Theorem 3.1. Define Do(s,t,q) = (1 +tq)2. When n > 3, the polynomials D, (s,t,q) satisfy the following
recurrence.

Dy(s,t,q)  (1—t)*1(1—s)k N 2t(1 — 1)k (1 — )k N £2(1 — t)F=1(1 - s)F
Dn(lvq) - Dn(LQ) [”]q' [n_ 1]‘1'

+3 - -

N
=

S)T+1 Dn72r71(8,t7Q)
Dn—2r—l(17 Q)[QT + 1](1'

r=0
= r r Dn—27-(57t,Q) . _ .
+ 2 s(1=t)"(1—2s) Do (L) 2r],. if n = 2k is even, (40)
Dy(s,t,q)  (1—=t)*21 -5k 201 —-t)* 11 —s)k 21 —-t)*1—s)*
Dn(l,q) Dy (1,q) [n]q! [n —1]g!
k—1

Dn—2r—1(sa ta q)
Dn727‘71(1a q)[27" + 1]q'

+) s(1—-t)" (1 —s)"

03
[l
- O

Dn72r(sa t7 q)
Dn—2r(1aQ>[27’]q!

+> t(1—-t)"(1—9) if n=2k+1 is odd. (41)

r=

o

Proof. As H,,; is the set of signed permutations in ®,, whose rightmost (n — ¢) entries form an increasing run,
we see that H,, ,—1 must be the whole of ©,,. We first consider the case when n is even. By repeatedly applying
(37) and (38), we have

Dn(S, t, q) — Z todcsD (w)scdcsD (w)qinvD ()
TEHp n—1

_ tDn—l(sa t, Q)Dn(L Q) + (1 _ t) ( Z todesD(w)sedesD(ﬂ)qinvD(ﬂ)>

anl(]-aq)[l]q!
Dn—l(svtaq)Dn(17Q) Dn—2($7t7Q)Dn(laq)

Dp_1(1,q)[1],! Dy—2(1,9)[2],!
+(1 _ 8)(1 _ t) Z todesD (W)Sedesp(ﬂ')qiDVD(‘n')

TEHy n_3

TEHn n—2

=t +5(1—1t)
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Dy_1(s,t,q)Dn(1,q) Dy —2(s,t,q)Dn(1,q)

=t +s(1—t + -
Do, T L a g
n_ 25 Ds(s,t,q)Dn(1,q)
+s(1—t)2 7' (1- 2
( ) Ds(1,q)[n —2]g!
+(1 _ t)g—l(l _ S)S—l( Z todesD(ﬂ-)SedesD(‘n')qinvD(ﬂ')>.
meX 1y

This completes the proof of (40). We now consider the case when n is odd. Here, we have

Dn(s, t7 q) = Z tOdeSD (W)Sedesp (Tr)qinvD ()

TEH, n—1
_ Dn—l(sat7q)D7L(1aQ)

- anl(]-?qnl](l! +(1_S)<
Dn—1(53t7q)Dn(1’q)
anl(laQ)[l]q'

Dy, _5(s,t,q)Dy(1,

D, 2(1 )[2)4!

2i_odcs.D () ScdcsD () qinvD (71'))

D

TEH, n_2

) + (1 _ t)( Z todesD(ﬂ') SedeSD (w)qinvD(ﬂ'))

TE€Hy n_3

+(1-9)|t

and we can continue as in the case for n being even, to complete the proof of (41). This completes the proof. [

Setting s =t in Theorem 3.1, we have the following corollary.

Corollary 3.3 (Reiner). Define Do(t,q) = (1+tq)%. When n > 3, the polynomials D, (t,q) satisfy the following
recurrence:
Dultig) _ (L=t 21— L0071 NS0 e Dicaa(ta)
Dn(laQ) Dn(LQ) [n]q' [TL— 1}q! r— Dn727‘71(1aq)[2r+ 1]4!
k—1
Dn—QT(t; Q) . .
+ t(1 r if n = 2k is even,
; ( Dy—2:(1, q)[2r]4! /
Dn(tyq) _ (L=t 201 — )" #(1 - kz: P21 Dy —2r—1(t,9)
D,(1,q) D,(1,q) [n]q! n—l = Dy—2r—-1(1,q)[2r + 1]4!
k—1
Dn—?r(ta Q) . .
+ t(1 r if n =2k +1 is odd.
; ( Dr—2r(1,q)[2r]4! /
Setting ¢ = 1 in Theorem 3.1, we also have the following.
Corollary 3.4. Define Do(s,t) = (1 +t)2. When n > 3, the polynomials D, (s,t) satisfy the following recur-
rence:
Dy(s,t) (L=t (1—s)k N 2t(1 — t)k(1 - s)k N £2(1 —t)k=1(1 - )k
on—lpl 2n—1n) n! (n—1)!
k—1
Dn72r71(3 t)
t(1—t)"(1—s)" ! ’
+7~=o Q=0 =) = — o — 1)@ 5 1]
k—1
r r Dn—2T<57 t) . .
+» s(1—-t)"(1—s) T 1y, — 2r)1(2r)] if n = 2k is even,
r=0
Dy(s,t)  (1—t)*2(1—s)k N 2t(1 —)F (1 —s)F  2(1 —t)F(1 - s)F
2n—1n) 2n—1n) n! (n—1)!
k—1
- - Dn727‘71(s t)
11—t (1 —s)" ’
+ s A= =) G o — 1@ 7 1)
k—1
Dn 27’(5 t) . .
t(1—1t)"(1— =2k+1 dd.
JrT:O ( )'(L—s)" T (5 — 201201 ifn +1iso
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3.1 Type D generating functions

We again cast the recurrences in egf language to get generating functions. We begin with our proof of Theorem
1.8.

Proof of Theorem 1.8. Recurrences (40) and (41) give rise to the following:

s(1 —t)sinh, (Mu)
M

Do <1 — scoshy(Mu) —

) + D1 (1 — tcoshy(Mu) — S Sinhq(MU))

M
= OD+ED.
Changing u to —u gives us

s(1 —t)sinhy (Mu)

Do (1 — scoshg(Mu) +

) -D, <1 ~ t coshy(Mu) + L= Sinhq(MW)

M M
= —-OD+ED
Solving the above two equations for Dy and D; completes the proof. O
We can now prove Theorem 1.9.
Proof of Theorem 1.9. As done in the proof of Theorem 1.7, one can check when n = 2k is even, that

ﬁgk(s,t,q) = 5" Dyi(1/5,t,q) and when n = 2k + 1 is odd, that .D2k+1(8,t7q) = ¥ Dop iy (i,t,q). The
other details follow as in the proof of Theorem 1.7, completing the proof. O

Using Theorem 1.8 we get a type D counterpart of Theorem 1.1. Define

Dn(507 s1, to, t17 Q) _ Z SgascD(w)Scl)ascD(w)tgdesD(w)ttl)desD(w)qinvD(w)'

wWeED
Further, define the generating functions
w2k
Do(so, s1,t0,t1,q,u) = Doy (s0, 81,t0,01,90) 57—
( ) = 2Dl Do)
2k+1
u
D1(50a517t07t17q7u) = D2k+1(507517t07t17Q)7'
]; Day41(1,q)

We move to our type D counterpart of Theorem 1.1. Recall Dy(s,t,q,u) and Di(s,t,q,u) from (9).
Theorem 3.2. We have the egf

L[T(ED)(s1 — t1 coshg(mu))] + T(OD)(% V2L sinh, (mu))
Do(s0,81,t0,t1,q,u) = = . ;
5051 — (sot1 + s1to) coshy(mu) + totieq(mu)eqs(—mu)

/2 LOD) (9 — to coshg(mu)) + T(ED)(“LL2=1) sinhy (mu)

NG
s081 — (Sot1 + s1to) coshy(mu) + totieq(mu)e,(—mu)

D1(50781;t07t17q7u) =

where

V/Sos1ut? (s1 —t1)m .

T(OD) = Y—————=(cosh,(mu)— 1)+ ————=——(sinhp(mu;q) — mu

( ) S% ( q( ) ) (80 o tO) /;8081( D( q) )
2t —1t1)y/
+ 181 5 1)/5051 (sinhg (mu) — mu),
s2m

2t t2(s0 — to)\/S051 —t

TED) = 2 (coshy(mu) — 1) + Y10 _ OVE0SL o (mar) + CL) (coship (mus ) — 1).
s1 sisom t1

Proof. We proceed as we did in the proof of Theorem 2.4. It is easy to see that

S1 to tl
D0(80a817t07t17qa u) = 7D0(77 —5 4,/ SOSIU)7
50 S0 S1
\/S1 t t
Dy (s0,51,t0,t1,q,u) = 7D1(*0 ~.q, s051U).

So, S1

NG

4 t

We denote by T the transformation that sends s to —O, tto — and u to \/Sostu. It is easy to see that T(OD)
So S1

and T(ED) are as given above, completing the proof. O
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3.2 Type D g-analogue of Hyatt’s recurrences

We give our g-analogue of Hyatt-type recurrences in this subsection.

Theorem 3.3. For even n,

2
Z todesD(w)sedesD(w)qinvD(w) _ Z q(2r2+1) (2T7:_ 1) Dn72r—1(s7t7 q)(S _ 1)r(t _ 1)r
weDY r=0 a

+ iq@) (”)anMsm 9)(s — 1)Lt — 1)

For odd n,

L5
Z todesD(w)SedesD(w)qinvD(w) _ Z q(2'2+1) ( n ) Dn72r71(3; t,q)(s _ 1)r<t _ 1)7"
q

WED Y r=0 1
+E (2;) " D t Sflrtflrl
- q . n 27’(83 I q)( ) ( ) °

Proof. Define @Ak to be the signed permutations in ;" that have their rightmost k + 1 elements being positive
and arranged in descending order. Thus, the first n — k — 1 elements must have an even number of negative
signs. With this observation note that the map f” : ®, x (n[’_ﬂk) — o An_p_1 that carries (¢, A) to the signed
permutation ¥p,)_aa1a2 - an_p (a1 > az > -+ ap_p > 0), that is,

(W, A) = p—a,a1, 02, Gp.

is a bijection from Dy X (n[’_’]k) onto o A,_r_1.
Write o Ay(s,t,q) = Z’LUG@A)C todesp (w) gedesp (w) ginvp (W) -~ We will abbreviate the LHS as oA, for brevity.
The following recurrences are then easy to prove. For even n, we have

q(227) (;") D”*ZT(Sa t7 Q)Srtr = S'DA2T71 - (S - 1)5‘31427“
q
2r41 n IS
Q( ’ ) (27‘ + 1) D”*Qrfl(svt)srt + = t’DA2r - (t - 1)33A2r+1'
q

For odd n, we have

2r n
q( 2) <2r) Dn—2r(5a t)s"'tr = tDA2r—1 - (t - 1)©A27~.
q

2r+1 n
q( 2 ) <2’I" + 1> Dn—2r—1(57t)sr+1tr = 5©A2r - (5 - 1)©A2r+1'
q

The proofs of these recurrences are along the same lines as the proofs of (27),(28),(29) and (30). The only

ambiguity might be when r = L%J — 1, but this is easily resolved as in oA, the rightmost n — 1 elements are

positive and descending for even n or @A2r+1 when n is odd, the first element has to be positive due to the
constraint that there are an even number of negative signs. Therefore, there is no possibility of w; 4+ ws being
lesser than 0. O

Setting s =t in Theorem 3.3, we have the following corollary.

Corollary 3.5. For even n,

n_q
S g = 365 (Y by a1
2r +1
we@j{ r=0 q
5
CO(™) Dyan(t,q)(t — 1)1
+;q %), n—ar(t,q)( )
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For odd n,

[5]
Z glesp(w)gimvow) — q(zrjl)( ; ) Dy or—a(t,q)(t —1)%
q

weDt r=0 ar+d

(1) Pesttaa- 1

Setting ¢ = 1 in Corollary 3.5, we get Hyatt’s recurrences [5, Lemma 3.2].
To preserve elements being in ©,,, we consider the map that flips the sign of all elements when n is even
and the map that flips the sign of all elements except the first when n is odd.

Lemma 3.4. Let fp : ©, — D, be the involution that sends w = wy, -+ ,wy to W = Wy,...,W, if n is even
and w = wi,  ,Wp t0 W= w1, Ws ..., Wy if n is odd. Then, we have the following:

1. When n = 2k + 1, we have odesp(w) + odesp(fp(w)) = k+ 1 and when n = 2k, we have odesp(w) +
odesp(fp(w)) =k + 1.

2. When n = 2k + 1, we have edesp(w) + edesp(fp(w)) = k and when n = 2k, we have edesp(w) +
edesp(fp(w)) =k — 1.

3. invp(w) +invp(fp(w)) =n(n —1).

Proof. The proof of the first two assertions is straightforward and hence omitted. For the third part, recall that
invp(w) = invp(w) — |Negs(w)|. Thus, we have, for even n,
invp(w) +invp(w) = invg(w)+invp(w) — |Negs(w)| — |[Negs(w)]
n? —n=n(n—1).

When n is odd, it is easy to see that invp(wy,ws,...,W,) = invp(wr,...,w,). The rest follows from the
previous argument. The proof is complete. O

3.3 Symmetry results
In this Subsection, we give our type D counterparts of our symmetry results.

Theorem 3.4. We have
D~ (s.,q) = "Dkt D (571 ¢ g7 when n = 2k + 1,
n\S 0, 4) = qn(n—l)sk—ltk+lD:(8—17t—17q—1) when n = 2k.
Therefore, we have

Dy (s,t,q) = Dif (s,t,q) + q""DsFtF I DF (571 471 g7t when n =2k + 1,
n\$: % 4) = D (s,t,q) + """ DsF= kI DA (571 =1 g7 when n = 2k.

Proof. Let fp: D} — D be the map described earlier. By Lemma 3.4, when n = 2k, we have

Z todesD (w)sedesD(w)qinvD(w) _ Z todesD(fD(w))sedesD(fD(w))qinvD (fp(w))

weED;, wED;L
§ : tk—i—l—odesD(w)sk—l—edesD(w)qn(n—l)—invD(w)

weDF
_ qn(n—l)sk—ltk+1 Z t—odesD(w)S—edesD(w)q—invD(w).

wE'DjL—
When n = 2k + 1, we have
Z todesD(w)SedesD (w)qinvD (w)

weD;, weD,
E tk:-l—l—odesD(w)Sk:—edesD(w)qn(n—l)—inVD(w)

Z tOdeSD(fD(w))SedeSD(fD(w))qinVD(fD(’w))

wE@;,*T
_ qn(n—l)sktk+1 Z t—odesD(w)S—edesD(w)q—invD(w).

wE’Di

completing the proof. O
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Since the following corollary is straightforward, we only state it and omit its proof.
Corollary 3.6 (Type-D Symmetry). We have
" DSHEHD, (57t g when n = 2k + 1,

)

D =
n(87t7Q) { qn(nfl)skrflthran(S*l’t*lv qil) when n = 2k.

4. Snakes

A snake in 9B, is a signed permutation w € 9B, satisfying 0 < w; > wy < ---. Let Snakef be the set of
snakes in B,, and denote |SnakeZ| by SZ. The paper by Arnol’d [1] is a good reference for this topic. Let
SB(g)= > ¢™e®). Springer in [13] showed the following.

wESnake?

Theorem 4.1 (Springer). The following is the egf for the numbers S5 :

gu” 1
B

= n!  cos(u) — sin(u)’

The following corollary of Theorem 2.4 is now easy.

Corollary 4.1. We have the followz'ng egf of the SB(q) polynomials:

_cosy(u) cosp(u; q) + (sing(u) — 1) sing(u; q)
2 Sl o~ o5, () |

Proof. Setting s; = tg = 0 and ¢; = sp = 1 in both Hy(so, s1, to, t1,q,u) and Hy(so, s1,to, t1, ¢, w) from Theorem
2.4 and adding completes the proof. O

It is easy to see that setting ¢ = 1 in Corollary 4.1 gives us Theorem 4.1.

4.1 D-snakes

A d-snake in ®, is a signed permutation w in ©, that satisfies —ws > w1 > ws < w3z > ...w,. Let
Snake” be the set of all d-snakes in ©,,. Denote |Snake?| by SP. Let SP(q) = > wesnaker €72 W), Define
2n+1 )

SDO(Q, ) Z SZn( )D2n(l ) and 8D1(q7u) = 2>:1 San'f‘l(q)m

Corollary 4.2. We have the following egf of the SP(q) polynomials:

—2cos?(u) + cosg(u)(cosp(u; q) — 1) — 2 sinz (u) + sing (u) sinp (u; q)

SPolg,v) — cosy(u)

; (42)

—2sing(u) + wcosy(u) + sinp (u; q)

SD1(g,v) — cosg(u)

(43)

Proof. Set t = 1/t, u = u+/t, multiply by ¢ and setting s = ¢t = 0 in Theorem 1.8 gives us (42). Set t = 1/t,
u = uy/t, multiply by v/t and setting s = ¢ = 0 in Theorem 1.8 gives us (43). O

Setting ¢ = 1 in Corollary 4.2 gives us the following egf which is given by Springer.
Corollary 4.3 (Springer). The egf for the SP is

Z sp _ cos(u) — cos(2u) — 1

= — cos(2u) ’
Z w1t —sin(2u) + ucos(2u) + sin(u)
o+ 1) — cos(2u) -
n>1
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