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(A+B)" =3 (1) AFB"~* when the commutator [B, A] is either an arbitrary quadratic polynomial or a mono-
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1. Introduction

Let A be an associative K-algebra (the field K is typically either R or C). We define normal ordering as the
process of arranging a polynomial or a formal series in terms of A and B € A, such that all occurrences of
A appear to the left of products of B. If such an arrangement exists, the normal ordered form is unique.
When the A’s appear to the right of products with B, we will refer to as antinormal ordering. Both of these
processes are trivial when A and B commute, as, for example, for the power of a product, we simply have
(AB)™ = A"B™ = B"A"™. A less trivial but iconic normal ordering result in the case of commutativity is the
normal ordering of a binomial (4 4+ B)™, also known as Newton’s binomial theorem

(A+B)" = zn: (Z) Akpr—k,

k=0

where (Z) = ﬁlk), is the binomial coefficient. However, the process of normal ordering when the variables
do not commute is known to be a challenging subject, as the findings are often only partial results. Numerous
contributions addressing this topic are scattered throughout the literature (see, e.g., [1,3,9,11,14,15,22] and
others can be found in surveys such as [4,13,23]).

Normal ordering is predominantly studied in the context of univariate commutators, as the existence of a
normal ordered form may be uncertain in the bivariate case (as discussed in Section 4), yet a general univariate
case, encompassing both binomials and powers of a product, was completely solved by Viskov [28]. More
specifically, he solved the equivalent problem of providing an expression to the ordered form of the exponential
of a bivariate term. For the sum and the product of two commuting variables, his formula reduces to the

well-known ezxponential identities:
€A+B _ 6A€B, eAB _ (6A>B’ (1)

where the exponential is defined by e? = exp(A) = Y n>o A™/n!l. This result was only recognized decades later
by Mansour and Schork in [13], albeit focusing solely on the binomial case. For that reason, in Section 5 we aim
to provide a comprehensive exposition of Viskov’s results and demonstrate in Section 6 an application where
the commutator [B, A] := BA — AB is of the form hA®.

Before delving into Viskov’s theorem and in order to formalize the second exponential identity, we will
introduce a formal ezponentiation AP within noncommutative algebras, where both A and B are elements of
A. Then, utilizing Stirling numbers, we will establish its basic properties and explore its interaction with the
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exponential function (detailed in Sections 2.2 and 2.4). These new tools will also enable us to establish the
exponential identity under the constraint that [B, A] = a+£A—\A? (see Section 3), where a € K is assimilated
as an element of A *.

Additionally, in Section 2.3 we will construct a new operator £ that addresses a long-standing need, facili-
tating the transition between a normal ordered expression and its antinormal counterpart.

2. Preliminaries

2.1 Stirling numbers

We will denote the falling factorial by the Pochhammer symbol (z), := z(x —1)...(z —n + 1) and define the
Stirling numbers of the first kind [Z] (and its signed version s(n, k)) by

=3 [ ot - g s, Ky @)

k=0 k=0

and the Stirling number of the second kind {}} by [19, Chapter 26.8]

g = kﬁ:_o {Z}(x)k. (3)

Since these numbers are defined as coeflicients of an expression on some basis, if k is an integer different from

0,...,n, then [Z] = {Z} = (. The well-known Stirling generating functions are
(—log(l —z))* = [n]a”
k! B Z; k| nl” )
and i
(e —1)F S fn)a"
kT z; kfnl 5)

Furthermore, the closed-form formula for the Stirling numbers of the second kind is as follows:
k
n 1 k —im
{k}:!z(i>(_1>k ", (6)
i=0

2.2 Exponentiation

By generalizing the binomial coefficient

() =5

we can define, for A, B € A, the following formal power series

AB = i(A -1 (f) (7)

n=0

Since we did not require the algebra to be commutative, in general, the form in which the power series is usually

written is not true
. (B
AB A—-1D"™.
Y (D=

The convention we have adopted may not be ideal in all situations however, it offers the advantage of readability,
ensuring that the reading order of A and B in AP aligns with the product order of its formula.

Remark 2.1. For most elements of most nonformal algebras, this series diverges (similar to divergence in C).
It should also diverge for B = x when x is negative and A is not invertible in A. However, any representation of
exponentiation that does converge in A should satisfy equation (7) as a valid formula when convergence occurs.
Consequently, these representations should also exhibit the same properties as the one we will demonstrate below.

*If 1 4 is the neutral element according to the product of the algebra A, then it reasonable to define o := a-14 € A as it is
compatible with the use of any power series f: f(z) = f(z-14) = f(z)-14. In particular 1 =1 4.
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Proposition 2.1. For A, B,C € A satisfying [A, B] = [B,C] =0
o ABAC = AB+C
° (AB)C — ABC.

Proof. We are able to perform the Cauchy product because A commutes with B and Chu-Vandermonde’s
convolution because B commutes with C'

ABAC — i(A - 1)n2n: (’j) (n(jk> - i(A _ (B:C> _ BiC

n=0 k=0 n=0

Now, it is easy to deduce that for positive integers n
(AP = ABAB .. AP = AB+B .. AB = = A"B
which we can use to fully prove the second point

7 = S - (0) = 05 (W) cyrrany (€)

m=0 k=0

L@ g ()

n=0 m=0 k=0 j=0

> (A-1)" iz”: O\ = (M a
= Z s(n,j)B? (=)™ "k

n=0 n! m=0 j=0 m k=0 k

In the inner sum, equation (6) and (3) lead to

f: (if.’“ f: (’Z)(—l)m—’“kj = fjw)m{i} =,

m=0 " k=0 n=0

The commutativity of B and C allows us to write B/C7 = (BC)’. Finally, applying equation (2) once again,
we arrive at

(A% =3 (,4;7!1)71 > s(n,j)BICT =Y (A;#(BC),L — ABC,
n=0 j=0 n=0

O

The following proposition can be seen as a kind of notation trick, facilitated by our definition of exponen-
tiation, to express this infinite sum more succinctly. It also enables us to utilize the properties we have just
proven.

Proposition 2.2. For A,Be A

— 1
—A"B" — (eA)B.
= n!

Proof. We make use of equation (5), exchange the sums and conclude with equation (3)

(4)” = é(eA (3 - i_oli_ol V) o
_ iojfuz WD
o 5—0 n=0

ECA 5:1 (2025) Article #S2R4 3



Kei Beauduin

Example 2.1. In the algebra of linear transformations over analytic functions, the most important operators
are x and D, where xf(z) := zf(x) and Df(z) := f'(x), where f' denotes the derivative of f. The product of
the algebra is composition, and the erponents thus represent repeated self-composition. Using Proposition 2.2
and Taylor’s formula, we can express the generalization of the shift map f(x) — f(x + g(x)) in this manner:

fa+g( Z I jior gy = 32 9 = ()P (@), (8)

which appears to be new. Equation (8) can also be seen as a composition operator, indeed
(#C )P f(x) = f(g())-

2.3 The commutator and the £ operator

The commutator [B,A] = BA — AB is a bilinear anticommutative operation that indicates the failure of
commutativity between two elements of A. These two properties combined allow for many manipulations that
we will implicitly use throughout:

[A,B]=[A,A+ B] = —[B,A] = [-B,A] = [B,—A].
The commutator yields the following simple identity
[B,A] = (A+ B)? — A2 —2AB — B?, (9)

due to the noncommutative expansion (A + B)? = A2 + AB + BA + B2. The following lemma, reminiscent of
the chain rule, is a classical result in normal ordering.

Lemma 2.1. If f is a power series and [[B, A], A] = 0 then
(B, f(A)] = [B, A f'(A).

Proof. First, we prove the result for monomials, and we see that the formula holds for f(A) =1 and f(4) =
We suppose for n > 0
BA"™ = A"B + n[B, A]JA"!,

now we multiply by A to the right
BA" = A"BA + n[B, A]A"
= A"(AB + [B, A]) + n[B, A]A™
= A""'B + (n+1)[B, A]A™,

that is, [B, A""!] = (n + 1)[B, A]JA™. Due to the linearity of all operations, the extension to power series is
easily obtained. O

The adjoint map is a derivation simply defined by adg(A) := [B, A]. With this definition in place, we can
express the analogue of the Leibniz rule below, along with its antinormal form.

Lemma 2.2. If A, B € A then for all natural integers n

n

B"A = Z ( ) adjy(A)B"* and AB" =Y (Z) B *(—adp)*(A).

k=0

The proofs are omitted because they can readily be accomplished by induction. We are now prepared to
demonstrate the main theorem of this section.

Theorem 2.1. Let p be a power series and A, A’ be two algebras generated by A, B and C, D, respectively,
satisfying [B, A] = p(A) and [D,C] = p(D). Let X € A be uniquely written in normal-ordered form as

X = in,inBj~

.3

) = in,jCjDi,
2%

If we define the map £: A — A’ by

then
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o £ is linear
o For XY € A, £(XY) = £(Y)L(X)
o For a power series f, £(f(X)) = f(£(X)).

This theorem proves particularly valuable in the context of obtaining the antinormal form for normal-ordered
expressions. We will illustrate this significance in Section 5.

Proof. The linearity property follows from the unique decomposition into the normal ordered form. To establish
the other property, we first express Y in normal ordered form as ¥ = )", éyk’gAkBe. Next, we replicate this
process for XY using Lemma 2.2:

XY =3 aiye e ABAYB = Y iy, zA’Z (j) adly (AF)BI~" B
T
i,5,k,€ i,5,k,€

By repeatedly applying Lemma 2.1, we deduce that adz(A*) is a power series in A, confirming that the
expression above is indeed a normal ordered form. With this understanding and as we want to apply £, we now
focus on elucidating the term £(A%ad’;(A*)B/~"**). Given that [~C, D] = p(D) is analogous to [B, A] = p(A),
it is straightforward to see that this term simplifies to C7~"+¢ D’ ad” (D). Thus, after applying £, we arrive

at
= Y v z ( et ad o(0),
i,7,k,0
The above can be simplified using the simple fact that ad_c = — ad¢ and the second formula of Lemma 2.2:

sxv)= Y wme [cfz <]> €57 (= ade) (D) D'

i,5,k,¢

= Z :L‘i’jyk’gCZDijDi = ZyMCeDk Zmi,jCjDi
4,5,k € iy

= £(Y)£(X),

as desired. Inducting on n, we then derive £(X™) = £(X)", which readily extends to power series due to the
linearity of £. O

Example 2.2. In the very special case where the power series p reduces to a constant c, we can simplify
our choice for C and D by setting them to A and B respectively. The wvalidity of the choice is ensured by
[B, A] = p(A) = p(B) = ¢. We can opt for A =x and B = D (where, here, D is the derivative) since, in this
context, c = 1. This choice leads to the intriguing formula for the composition operator of Example 2.1:

— 1
S( eg(x x Z 2 _ X nDn Z ; D)n _ (6x)g(D)fD,
n= 0 n=0

which, according to [5, Proposition 21], is precisely an umbral operator when g represents power series with a
compositional inverse.

2.4 Implications of the Baker-Campbell-Hausdorff formula

The Baker-Campbell-Hausdorff formula (BCH) is the solution for Z of the equation eXe¥ = e for non neces-
sarily commuting X,Y € A, which takes the form of a (formal) Lie series, i.e., a series in iterated commutators
of X and Y. Later discovered, Dynkin’s formula (BCHD) explicitly expresses the BCH. A clear exposition and
proof of the BCHD are given in [18].

Theorem 2.2 (Baker-Campbell-Hausdorff-Dynkin formula). For X|Y € A,
miy ni mp ng
= - b AR A AN AP A S ) A AR
log(e Z Z[[[[[[[[[[[[[[]]

k=1 mi1+n1>0 (Zle(mz +n;) (Hle m;!- ni!)

b

with the understanding that [Y]:=Y.
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The reader should keep in mind that many terms in the expansion are zeros, for example, when the term
[Y,Y] appears.

Example 2.3. The first few terms are

log(eXe) = X +¥ + J[X,¥] + (1, [X, V]| + [VIY, X]) — 5 [V, [, [X, Y]

1
— o (VL Y Y 1Y X)) + X, X, X, [X, Y]]
o (1 I V[V, X+ 1Y, X [ X V)
3 (Y DX Y, L VI + 16 [ [, Y X))
+ ...

The BCH aids in deriving the following important existence lemma for noncommutative analogues of the
first exponential identity of equation (1) (EI for short).

Lemma 2.3. [B, A] is independent of B if and only if there exists a formal series ¥ 4 : K — A depending on
A and satisfying ¥4(0) =1 and ¥/,(0) = A, such that for allt € K

eATB — @, (1)eP. (10)

This lemma also ensures the existence of the binomial theorem in this special case. Indeed, the formula can
be retrieved after applying the Cauchy product formula and identifying the coefficients of ¢".

Proof.

(=) We know that
[A+ B,—-B] = [B,A4].

So using Lemma 2.1, we see that any combination of commutators of A + B and —B are functions of A.
Thus, by the BCHD, we have

log(eA+B)te=Bt) — (A4 B)t — Bt +...= At + ...,

where the dots are the commutator terms of higher order in ¢ that are independent of B (see Example 2.3).
Thus we can write e(A+tB)t = eAt+eBt and setting U 4 (t) = eA*+, we notice that ¥4 has the properties
we need.

( <= ) Taking the second derivative at ¢ = 0 in the equality (10), we arrive at
(A+ B)? = W/} (0) + 29, (0)B + ¥ 4(0)B* = ¥4 (0) + 2AB + B?,
and by using equation (9), we obtain [B, A] = U/4(0) — A2, which is independent of B.
O

We can express the EI of Lemma 2.3 in various equivalent forms, which enables us to extend the formula
we know (and prove in the following sections) to other similar cases.

Proposition 2.3. If

[B,A] = f(A) = B =W, (t)eP!
then the following are also true

i. Symmetry
[B,A] = f(B) = Bt = eAMwp(t)
il. Antinormal EI
(B, A] = —f(A) = ATB! = By, (1)
iii. Special case of the BCH
[B,A] = —f(A+ B) = e?eBt =W, p(t).
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Proof. For the symmetry, if [B, A] = f(B) then [-A — B, B] = f(B). Thus, according to the hypothesis
e(BfAfB)t — \I/B(t)e(fAfB)t.

In other words,
e(ATB)t — eAt\IJB(t).

The special case of the BCH is treated similarly by noticing that [B, A] = — f(A+B) is the same as [-B, A+ B] =
f(A+ B). For the antinormal EI, we could just use the symmetry with [A, B] = f(A4). Alternatively, we can
use the operator £ of Theorem 2.1 which was designed for this purpose, and make the following computation

2(6(A+B)t) — S(WA(t)eBt)
SR = (PN (Wa(1))
LS FEB)E _ Bty

()
e(C+D)t _ eDt\Ifc( )

with [C, D] = —f(D) and C and D that we can freely rename to A and B respectively. O

The following proposition is an additional general tool, for computing Els, generalizing Lemma 2.3, that will
prove useful later on.

Proposition 2.4. If [B, A] does not depend on B then for U4 defined in Lemma 2.3, and for all t, A € K, we

have the following
(AA+B)t \IJA( )keBt.

Proof. We first prove the proposition for A = n € N. Because [(n — 1)A + B, A] = [B, A] does not depend on
B, we have
c(AFB) _ (AT (n=DALB)E _ () (= DA+B)E

Repeating the process another n — 1 times, we recover the expected term W4 (t)"eB?.
Now to generalize this to any A\, we make a calculation similar to the proof of Proposition 2.1, where we first

use the definition of exponentiation and the result above:
\IJA(t))‘eBt _ Z Z ' ( )k ]‘Ij ( ) Bt Z Z . (_1)k}—]e(]A+B)t
k=0 k i=o M k=0 k =0 M

Let us introduce the notation A*BJ which represents the sum of all possible product orders for i A’s and
j B’s. For example, A2B = ABA = BA? := A?B 4+ ABA + BA? and the notation carries this property:
(M) (uB)? = Ny A'BJ. We can now write the noncommutative expansion of a binomial as

(A4 B)" ZA’“B" k
k=0

thus

n

w3 (1) (e S S pars

n=0 =0

Using the closed form of the Stirling numbers of the second kind (6) and then their definition (3), we conclude
the computation:

e -EEE(E (e

=0 =0 \k=0
DI PHHIEAPEE

n=0 =0 \k=0
:ifjé ',amgn—i:;)f:(mij
— (AA+B)t
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3. The exponential identity and the binomial theorem
with a quadratic commutator

In the subsequent sections, we will establish the validity of Els under the condition
[B,A] = a+ecA — \A?, (11)

that is when the commutator is at most quadratic. We denote the algebra generated by A and B satisfying
equation (11) with A(«,e, —\).

This analysis readily extends to cases where the polynomial is in B, using Proposition 2.3. While the most
general formula presents a complex formulation, making an exhaustive derivation of its corresponding binomial
theorem (BT for short) impractical, there exist numerous limiting cases where significant simplifications occur,
often accompanied by concise BTs and where the generated algebra is well-known. The cases we will study are
as follows.

(a) The most general quadratic case (Theorem 3.2) has no straightforward binomial.

a =0 (Corollary 3.2), which surprisingly does have a binomial.
e) A =0 (Corollary 3.3). A(«,¢,0) is referred to as the generalized Ore algebra [14,20] and lacks a binomial.

morphic Weyl algebra [8,16], with a trivial scaling,.
(g) o= A =0 (Corollary 3.5). A(0,¢,0) is the well-known (scaled) shift algebra.
(h) e = A =0 (Corollary 3.6). A(«,0,0) is the well-known (scaled) Weyl algebra.

To express the first two results more clearly, we introduce, for A € A, a power series in ¢, continuous in all
variables ¢, z,y € K:

xt

_ yt yt _ xt
ye xre e
A

+ ifx#y
D(t,x,y) = y—z y—z . (12)

(1 — zt)e® + Ate™ if 2 =y,
furthermore, it will prove useful to define

ol i= [0 - i)

which can be alternatively expressed, for « # 0, as [z], = 2™(1/2),.

3.1 The preliminary case A =1

We will begin our investigation with what may appear as an arbitrary case: when A = 1 in the equation
[B, A] = a+eA— \A? where neither a nor ¢ are zero at the same time (subject of Theorem 3.2). Remarkably, 1
seems to be the only value for A for which the formulation of the BT in Theorem 3.2 is simple. This observation
stems from the simplification of the squared term in (A+ B)A = A2+ AB+a+¢cA — A? = AB+a+¢A (as
we will witness in the proof). Furthermore, the study of this special case constitutes a necessary initial step
towards addressing the more general case of Theorem 3.2.

Theorem 3.1. Let A and B be two elements of A and o and € two complex numbers such that o # 0 or e # 0.
Let r, p be the two roots of the polynomial o + X — X?2.
Let (tun)nen, (Un)nen be two complex sequences defined by

UOZO,U,l:l ’U():LUl:O
Up42 = EUp+1 + AUy, Un+2 = EVp41 + QUp,
or equivalently by
pn _.n ' p,rn _ Tpn )
ifr#p —— ifr#p
Up = p—r Uy = p—r
nrn—1 ifr=p (I=n)r™  ifr=np.

Then these statements are equivalent:
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i [B,A] = a+ecA— A?

ii. forn eN,

n

(A+B)" =3 (Z) (vg + upA)B" "

k=0

iii. fortek,
e(A+B)t =Py (ty T p)eBt'

We notice this elegant structure where a single equation is equivalent to a countably infinite number of
equations, which in turn holds equivalence to an uncountably infinite number of equations.

Proof. The relationships between the coefficients and roots of a polynomial read & = —rp and € = r + p. We
can employ these alongside the explicit expressions of u,, and v, to derive the relationship

Upt1 = QU,  and  Upyy = Uy + Uy, (%)

We proceed to prove by induction (i = ii). Since the base case n = 0 is satisfied, let us assume that the property
holds for n € N.

(A+ B)nt! = ;;) <Z> (A + B)(vg + up A)B"*

I
M3

(Z) (vsA + upA? + vp B + ug(AB + a + A — A%))B"F

el
Il

0

<

2

— (Z) (ug AB + v, B + (vy, + eup) A + auy)B" R,
k=0

where we split the sum and apply () to obtain

n

(A+B"tt=3%" (Z) (upA+vp) BT F 4

k=0 k=0

() (2w

and finally, utilizing Pascal’s identity, we conclude the induction.
For the proof of (ii = i), first we compute

n —
(k> (ups1A +vp 1 B)B"*

(A4 B)? = (vo +upA)B* 4+ 2(v1 +u1 A)B +vg +us A = B> + 2AB + a + €A,
then we make use of equation (9) to obtain [B, A] = o+ €A — A2, as expected.
For (iii = ii), we notice that by the explicit formula for (uy)nen and (v, )nen, we precisely have

o0 n

t
Dalt,rp) =Y (o + und),

n=0

which is a Cauchy product with et and identification away from the desired result. Similarly, we derive (ii =
iii) by summing the binomial theorem with the factor ¢ /n!. O

3.2 The general result and its various limiting cases

Theorem 3.1 was a mandatory step in proving the result in full generality, since we were able to connect the
commutator equation i with the EI through the BT. This would have been considerably more challenging to
achieve in the general case, given the absence of straightforward formulations for the BT.

Theorem 3.2. Let A and B be two elements of A and «, € and \ # 0 three complex numbers such that o # 0
ore#0. Let r,p be two roots of the polynomial o +eX — AX2. Then these statements are equivalent:

i [B,A] = a+¢ecA — \A?
ii. fortek,

e(AtBIt — D4 (AL, T p)l/)‘eBt.
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Remark 3.1. [t is worth mentioning that deriving a straightforward BT is possible, as, when r # p, we have

the equality
/A

A(p—r)t _
D4 (AL, 7, p)H N = et (1 +(A - T)ep_7ﬂ> :

which we can expand with equations (5) and (7). However, after identification, the BT would involve radicals

and, therefore, would not encompass the simple fact that integer coefficients in the commutator should lead to
integer coefficients in the BT.

Proof. According to Proposition 2.4, we are aware of the existence of ¥4 such that
e()\AJrB)t _ \I/A(t))\eBt. (13)

Moreover, equivalently to i, we find, through linearity, that [B, AA] = Aa + e(AA) — (AA)?, thus according to
Theorem 3.1
()\A+B)t q))\A(t )\7‘ )\p) Bt

because Ar, A\p are roots of the polynomial Aa+eX — X2 . We can identify the above expression with equation (13)
and simplify it via the definition of ® given in (12), to obtain

Va(t) = @a(Mt, 7, p),
and by raising this equation to the power 1/A (with Proposition 2.1), we arrive at the desired result. O

The proof is highly specific to the degree 2 case, and it does not appear that it can be generalized to the
case of the commutator being a polynomial of higher degree. This limitation likely arises because the degree
2 cases are more natural and straightforward, while higher-degree cases may introduce additional complexities
that are not easily addressed within the framework of the proof above.

Corollary 3.1. Let A and B be two elements of A and oo # 0 and A # 0 two complex numbers. Then these
statements are equivalent:

i. [B,A] = a — \A?
ii. fortek,

/2
e(A+B)t — (cosh(rt) + A\/ismh(\/it)> eBt.

Using the identity (coshz + Asinhz)? = (1 — (tanhx)?)"?/2(1 4+ Atanh(z))?, one can derive a BT for this
specific instance however, they would include coefficients of powers of the hyperbolic tangent that are not easily
expressible.

Proof. Looking at Theorem 3.2, with € = 0 we have r, p = &1/« /. The proof is then straightforward. O

Corollary 3.2. Let A and B be two elements of A and X\ # 0 and ¢ # 0 two complex numbers. Then these
statements are equivalent:

i (B, A] = cA — \A?

({2 mar )

I e

ii. forn eN,

b

iii. fort ek,
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Proof. Considering Theorem 3.2, with a = 0, we find r = 0 and p = £/A. The proof of (i < iii) is straightforward.
For ii, we utilize the EI. First, we express the following in its power series form and then use the Stirling

generating function (5)
et — 1 /X > et — 1 J
1+ M4 JAI
(o) =2 () ()

i (1/2); 41 i {’; (i?n _ iii{?}ewmjm.
7=0 n=j n=0 7=0

By the Cauchy product and identification

n
(A+Br =Y ( )
k=0
The second formula is obtained by summing the triangular array of terms in the orthogonal direction:

Z Cjk = Z Ch—jn—j- (14)

0<j<k<n 0<j<k<n

Z {k}ekﬂ'mjm’ Bk,

JOJ

O

Corollary 3.3. Let A and B be two elements of A and ¢ # 0 and « two complex numbers. Then these
statements are equivalent:

i. [B,A]=a+cA
ii. fortek,

afeftf-1 et
A+B) _ e\ e 1) a==L p;
6( =e e

Proof. Beginning with Theorem 3.2 and aiming to take the limit A — 0, we select |A| > 0 sufficiently small such
that the discriminant A3 := e? + 4\« is nonzero. The distinct roots can then be expressed as

e-A « e+A ¢ -1
O U ey el W G

r =
because Ay = e + 2 a/e + o(N). Utilizing py — rx = Ax/A, we then obtain

1
log(q)A(Ata T)\apk)l/)\) = X(QA()\LT)U p)\) - 1) + 0(1)

1
A (0re Y =iy A — M) — (= 12)) + (1)

1
= A—(p,\(e”M — 1) =y (MM — 1) + AN — ™M) 1 0(1)
A

mi( at + — ( 1)—&-14(65’5—1))7

which upon applying the exponential yields the EI of the corollary. O

Example 3.1. A notable implication of the theorem is a specific instance of the BCH. By using Proposition 2.4,
we can make the computation

et

a (et et est—1 at et
TA+B ’( *t> pra— Bt = (1-gziz7) At Bt

t__ g g —_ t_
6(65 ) = (e e’ e et =ec¢ ( e° 1>e e’

which can also be expressed as

eAteBt _ 6(A+B+[B A] (est 1~ ))t (15)

This formula is a special case of the bivariate [B, Al = a + A + 0B, for which a closed form of the BCH was
established in [24].
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In the rest of this section, the results we present are already known. For example, in this instance, known
as the meromorphic Weyl algebra, the EI is commonly referred to as the “Berry identity” [3, Appendix (a)].
Viskov [29] first expanded it into the BT, but it was also notably independently found by Benaoum [1], along
with its g-analogue [2].

Corollary 3.4 (The Berry identity). Let A and B be two elements of A and A # 0 a complex number. Then
these statements are equivalent:

I [B, A] = —\A?
ii. forneN,
(A+B)" = (Z) Az A* Bk
k=0
iii. fortek,
eATBIE — (14 2At)AeB,
Proof. Using Corollary 3.2 with € — 0 and the limit

Et_l
lim ¢

e—0 £

=t.

O

The EI in the shift algebra is known as Sack’s identity [22] and Viskov [27] later expressed the BT by
expanding Sack’s identity.

Corollary 3.5 (Sack’s identity). Let A and B be two elements of A and € # 0 a complex number. Then these
statements are equivalent:

i. [B,A] =¢cA

ii. forn eN,

n k
(A+B)" Z( ) { }k—w Bt Zgn kz( ){” }Ak ipi
k=0 7=0
iii. fort ek,
s_le

€
o(A+B)t _ eAe Bt

Proof. Using Corollary 3.2 for ii with A = 0 and Corollary 3.3 for iii with o = 0. O

The subsequent result is arguably one of the most renowned, as it encompasses the “Glauber formula”, which
is a well-known and useful result in quantum mechanics, as the underlying mathematical structure is often the
Weyl algebra. Although the binomial theorem is a direct consequence of the Glauber formula, it seems that it
was first formulated by Yamazaki [30].

Corollary 3.6 (The Glauber formula). Let A and B be two elements of A and o a complex number. Then
these statements are equivalent:

i [B,A] =«

ii. forneN,
[n/2] Oé/2 z n—21 . ‘
(A+ B)n _ Z ' ( >Aan27,k
=0 k=0

iii. fortek,

o(A+B)t _ o = eAteBt

ECA 5:1 (2025) Article #S2R4 12



Kei Beauduin

Proof. Using Corollary 3.3 for iii with ¢ — 0 and the limits

et —1 o 1fet -1 t?
lim =1, lim — —t =3

e—0 e e—0 ¢ 3

The BT follows from expanding the EI. We apply the Cauchy product to the following power series

n

p/2 n
Zt” a/22 [p is even], eteBt Z ! Z( >AkB"_k,
p=0 p/ n= 0

(where Iverson’s brackets [p is even| take the value 1 if p is even, and 0 if p is odd) to obtain

oAt Bt n S 0‘/2)j/ is even o =7\ 4k n—j—k
-3 2 GV @( )

n=0 7=0
00 Ln [n/2] z n—2i .
— Ak:Bn—2i—k
0w (1
Hence by identification with (45 we prove ii. O

4. The case of a bivariate commutator

The existence of an EI and a BT is guaranteed when the commutator is univariate, as established in Lemma 2.3
and Proposition 2.3 i. However, this guarantee is lost in the bivariate case, as noted in [21]. Nonetheless, as
hinted at by Proposition 2.3 iii, the BCH formula and its less renowned counterpart, the Zassenhaus formula®,
appear to be more promising paths for investigating bivariate commutators. In particular, closed forms for both
the BCH [24, 25] and the Zassenhaus formula [9] have been derived in the case [A,B] = a + A+ 0B.

Additional formulas for the BCH in bivariate settings can be derived using Proposition 2.3 iii and the results
from Section 3. One such formula is presented in the following theorem.

Theorem 4.1. Let A and B be two elements of A and € and A # 0 two complex numbers. Then these statements
are equivalent:

i [B,A] = e(A+ B) + A(A+ B)?

ii. forn eN,

n

An(A+ B)" Z[ } n- kao( >AJB’< J

k=0
iii. fortek,

1— e—st 1/
eAteBt = (1 —|—)\(A+B)> .
9

Proof. Our goal is to translate the equivalent statements of Corollary 3.2 into this context. From i, iii follows
with the special case of the BCH given by Proposition 2.3, applied to the EI of Corollary 3.2, where ¢ should
be replaced with —e. For ii, we first rewrite iii as

— log(1—e¢t) — log(1—e¢t)
e P e = (1+ M4+ B))Y*

On the left side, we use equation (4) after applying the Cauchy product

k=0 7=0 J
co o0 k 00 n k
n|t n—k k k—i t" n —k k k
_ L J J_ v n J J
S a5y ey () s
k=0n=k j=0 n=0 k=0 7=0
Twhich, in short, provides an expression for e~4e~BeA+B
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and the right-hand side becomes, after a calculation done earlier:

A+ A4+ B =3 Eas By,
n

n=0

which means that by identification, we finally obtain

Aha+ By =3 [ kz( Yws

k=0
The steps can be made backward, effectively showing the equivalence between ii and iii. O

Here, we observe an interesting phenomenon that may appear contradictory: When [B, A] contains degree-
two terms in both A and B, one may encounter a binomial theorem with rational coefficients (after dividing by
[A] in ii), even when all parameters are integers.

Example 4.1. To gain a better understanding of this occurrence, we aim to illustrate a special case proposed
in [21], namely, the case [B, A] = NA% + uB?. The reader may wish to attempt on their own to normal order
the term B2 A, and might stop when arriving at

B?A =2)\2A% + 20A’B + (1 + \u)AB? 4+ 2uB® + \uB?A,

because of the “recursive” aspect in B2A of the formula. Thus, as noticed in [21], the normal ordered form of
B2 A egists if and only if A\ # 1, and it is the following:

B2A =

2)\2 2 1 2
Nopy 2N g IEM e 20 gy
1—Ap 1—)u 1—Ap 1—Ap

Note that the analogue of “Au # 1”7 in the case of Theorem 4.1 is “X is not a root of [X],,”. Therefore, in
the limiting case A\ — 0, the binomial always exists and is given below.

Corollary 4.1. Let A and B be two elements of A and € # 0 a complex number. Then these statements are
equivalent:

i [B,A] = (A + B)

ii. forn €N,
n k
n k : .
A+ B)" = E "—kE AJ k=i
ArB" =2, [k]E (a)

iii. fort ek,

l1—e”
eAteBt _ e(A+B)

In this scenario, A and B would serve as generators of the (scaled) ezcedance algebra [6]. Additionally,
alongside Example 3.1, Corollary 4.1 represents another special case of the result presented in [24]. This case

can be readily transformed into an EI or even a Zassenhaus formula, which would then constitute a special case
of [9].

5. A theorem from Viskov

In [13, Theorem 8.53], a special case of a theorem from Viskov [28, equation (4)] is briefly mentioned. However,
it appears that the broader applicability of the more general theorem was not recognized within the context
of the theory being discussed. Therefore, we aim to present a more general version of this theorem by Viskov.
This theorem is remarkably powerful, to the extent that it implies Lemma 2.3 and the theorems outlined in
Section 3.

Regarding the history of this theorem, Viskov initially formulated a less general but multidimensional result
n [26]. Subsequently, in [29], Viskov extended the unidimensional case of his result and utilized a special
instance of it to reaffirm the validity of Sack’s identity [27]. A further generalization was presented in [28]*.
Below, we present the version from [29], as the additional generality from [28] is not pertinent.

It is worth noting that Viskov’s proof in [28], which broadly follows the outline provided in [29], contains a
critical error that we have rectified.

 Although [27, 28] were published before [29], the manuscript of the latter was received prior to the former.
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' ( i 7 ). 2:) f’ g l:e fO ma’l pO’we Se’i‘ies an. P B E A Such that [‘E I ‘1] p(‘ 1),
Th@n T d 4
I ((f(‘l)B g(A))i) = e (t)(etp(t)>B,

with

o(t) = / fla(m)dr, (1) = / g(a(r))dr,

where « is the solution to the Cauchy problem

da
T = p@)f(@), a(0) =4
Proof. First, we will demonstrate the special case p(z) = 1 and then recover the full theorem through specific
substitutions. With [B, A] = p(A) = 1, we choose the representatives B = D and A = x, where D is the
derivative operator and x is the linear operator of multiplication by the variable x. For a polynomial ¢, we
consider the expression

u = u(t,z) := exp((f(x)D + g(x))t)q(x).
u is obviously the unique solution to the Cauchy problem

O @I gy, u(0.2) = g(a). (16)
We will show that v = v(t,z) 1= 7" %) g(z + @(t,r)) also satisfy equation (16), which will yield, by unicity,

equality with u. As in the theorem, ¢ and ~ are defined by

¢
olt.o) = [ fla(ra)ar a7)
and .
y(t,x) = / g(a(r, z))dr, (18)
0
with « being the unique solution to this Cauchy problem
Oa
= =z 1
X f@), al0.x)=x (19)
Immediately with (17) and (19), we have
t
o(t,x) = / a—a(T, x)dr = a(t,z) — x. (20)
o Ot

This simplifies v to e"“®)g(a(t,z)). Now we will derive the partial differential equation satisfied by v and a.
Equation (19) implies

t

Oa dr
t= [ ST 21

o Ot 7(a) 2y
and in equations (18) and (21), we make the substitution z = a. The differential is given by dz = 22dr =
f(a)dr = f(z)dr, which respectively yields

a(t,z) dz a(t,z) g(Z)
t= —, t,x) = ——=dz.
LG o= [
Now we differentiate with respect to x
g2 1 1 (%) Oy _ Oagle) g(z)
Oz f(a)  f(z)’ Or Oz f(a) f(z)’
which we rewrite with equation (19) as then we use equation (18) and (x) to obtain
Ja Oa oy Oy
E*f(ff)ax- E—f@")a*‘g(%)

These equations suffice to show that v = e7®*%)g(a(t,z)) does satisfy equation (16). Therefore, by the unicity
of the solution to the Cauchy problem, we have

exp((f(x)u + g(x))t)a(z) = P g(z + p(t,2)) = D (e709)Py(a),
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where we have used the notation of Example 2.1. The above relation holds for all polynomials ¢, hence the
equality of the operators

exp((f(x)u + g(x))t) = 7 (e#(4) P, (22)

where we have rewritten the right-hand side according to equation (8). In equation (22), we can replace (x, D)
by (A, B), as long as [B, A] = 1. To generalize the result for [B, A] = p(A4), we define 7 by #'(t) = 1/p(t), to
have, by Lemma 2.1, [B,7(A)] = 1, thus we can apply the less general result proved just before. We will do so
by replacing (f,g,A) by (fon~!,gor~1, m(A)). By choosing wisely the constant term of 7, we can make 7!
a well-defined power series. If we set ap = 7! o @, equations (17) and (18) become

v@@=£ﬂ%@@%z @mm=éﬂ%mmw:

ap(0) = 771 (a(0)) = 7~} (7(A)) = A, and by the chain rule and equation (19)

da() - —1\/ do o 1 o= -
ar (m 1) (Q)E = m(f m 1)(04) = p(ao) f(0),
which concludes the proof. [

We now provide the most important examples of the theorem. Identification of the coefficients would yield,
respectively, the BT and the expansion of (AB)™.

Corollary 5.1. If [B, A] = p(A) then Corollary 5.2. If [B, A] = p(A) then
s t t B
AP = exp (/0 Q(T)d7’> et ePt = exp (/ a(T)dT> ,
0
where « is the solution to the Cauchy problem where « is the solution to the Cauchy problem
da da
T =P, a0 =4 T = @), af0) =4

The antinormal form of the theorem was also given by Viskov [28].
Theorem 5.2. Let p, f, g be formal power series and A, B € A such that [B, A] = p(B). Then
exp((Af(B) + g(B))t) = ()7,

with

t t

o0 = [ sran 0= [ e

0 0

where B is the solution to the Cauchy problem

s _

= p(B)/(8). B(0)=B.

Viskov [28] claimed that the proof was similar, though this assertion does not immediately appear evident
and even seems rather untrue. Nevertheless, with the tools we built, this theorem now emerges as a mere
consequence of the preceding ones, sparing us the need to prove the entire theorem anew.

Proof. We begin by applying the properties of the operator £ defined in Theorem 2.1 to the equality stated in
Theorem 5.1. On the left-hand side, we have

Lexp((f(A)B +g(A))1)) = exp(£(f(A) B + g(A))t) = exp(Cf(D) + g(D))1),
(still with [D, C] = p(D)) while on the right-hand side
27 (2 By = g((e#®)B) g (7)) = (eP) e o £(V(1)

Hence, the equality T
exp(Cf(D) + g(D))t) = (eP)*e®) L)

which is essentially a renaming of the variables of the original statement. O
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And once again, the important instances are given below.

Corollary 5.3. If [B, A] = p(B) then Corollary 5.4. If [B, A] = p(B) then

e(AtBIt At oxp (/ B(r d7'> Pt = (eA)fU ’B(T)dTa

where B is the solution to the Cauchy problem

a8 _
— =p(B), B(0)=B. dt

where 5 is the solution to the Cauchy problem

6. Commutator of the form of a monomial

In this section, we explore the normal ordered form of (AB)™ and (A+B)™ when the commutator is a monomial in
A. Although the former has been previously examined in the case where [B, A] = hA*, we will now demonstrate
a closely related formula for the binomial theorem when [B, A] = hA**!, utilizing Viskov’s theorem.

6.1 Normal ordered form of (AB)"

Mansour, Schork and Shattuck proved in [15] that if A and B are generators of the generalized Weyl algebra [13],
that is, [B, A] = hA®, then we could express

ZGS n k B kAs n— k)-Hch (23)
k=0

where &4 represents the generalized Stirling number, defined as follows:

Go(n, k) = {Z} Gi(n, k) = m

and for s € K\ {0,1}

S,(n, k) = k'(;ﬂi:)k jzo(_l)k—j (?) (n +j(1/z_ 1) — 1)
a3y () S [

=0

It appears that they overlooked the fact that by exchanging the sums in equation (24) and utilizing equation (6),
we could derive the improved closed form below, without any degenerate cases

S

Their proof employed the generating function

S tn gs(t)k'
> Sa(n k) ==, (25)
n==k
where
et —1 ifs=0
() = —log(1 —t) ifs=1
1—(1—st)t=ls

else.

s—1

We slightly adjusted the notation for G4(n, k) to extract the dependency on h, and adjusted the lower index
of the sum in equation (23). We set it to 0 instead of 1 because S4(n,0) = d,. It is generally good practice to
let the lower index be 0 to also include the trivial case n = 0.

ECA 5:1 (2025) Article #S2R4 17



Kei Beauduin

Example 6.1. The obvious examples are the cases s =0 or 1, but another interesting one is the case s = 1/2.
In fact, the formula for &1/ simplifies into Lah numbers |}] := (Zj)%" [7, p. 156], indeed

st =2 S {11} =2 )

j=k
where we used an identity that can be easily proved by composing the Stirling generating functions (equations (4)

and (5)). We can rewrite equation (23) with [B, A] = 2h\/A into

n

(AB)" =) M Wk A B,

k=0
The exponential version of the theorem proved by Mansour, Schork and Shattuck is the following.

Corollary 6.1. If [B, A] = hA® then

S 1 B
ABt S(h’ ? )
e - eXp (h 1

Proof. By equation (23)

=> i Sy(n, k)hn—FAs( =Rk gk
n
n=0 k=0

ABt

[e)

I
NE
3‘“

3
Il
o

tnqg

<Z 6 ’I’L k hnAsn> kA(lfs)kBk’
now we use equation (25) and Proposition 2.2

& st\k s B
eABt _ Z S’S(hA t) h—k:A(l—s)kBk = exp<%’ S(hA t))

>
Il

0

s—1
L hA

6.2 Binomial theorem

The EI was found in [13, Corollary 8.57] with Corollary 5.1, but the connection with generalized Stirling numbers
was missed.

Theorem 6.1. Let A and B be two elements of A and h and s two complex numbers. Then these statements
are equivalent:

i. [B, A] = hAsH!
ii. forn eN,
n n k
n __ k— s(k—3)+7 n—k
(A+ B) Z(k> > &k, j)nFI AT B
k=0 7=0
n k n
=D Y ( > S(n—jik — j)ATHTE=i g
k=0 i=o M

iii. fort ek,

(A+B)t _ Fs(hA%)\ g
e exp ( S L

Proof. Suppose that [B, A] = hA®. Then, by Corollary 5.2

¢ B
eBt = exp (/ a(T)dT) )
0

da
o h s+1
a

with
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But by Corollary 6.1, we can identify
t
s (hA®t)
/; Oé(T)dT = W (26)

Now suppose i, that is, [B, A] = hA**!, then by Corollary 5.1

t
eATB — oxp (/ a(T)dT> eBt,
0

with « still defined by (*). Thus, we can make use of equation (26) to obtain iii. The first formula of ii
follows from expanding the EI and using equation (14), we arrive at the second formula. To close the cycle of
equivalences, knowing ii, we can simply use equation (9) to recover i. O

We could take advantage of the same trick used in the proof to derive, for example, one of the following
formulas using the other:

e The normal ordering of (AB)", when A and B are generators of the generalized Ore algebra, i.e., when
[B, A] = a+ A (found in [14])

e The BT when [B, A] = A(a+ €A) (given by Corollary 3.2)

The formulas for ‘?;(:%?) in the cases s = —1, 0 or 1 are, respectively, the divisionless At + h%7 Aeh;_17 and
—log(1 — hAt), while the other cases still involve division in their closed forms. Consequently, it is intriguing
to observe that if s +1 € N\ {0, 1,2}, then the exponential identity cannot be expressed solely in terms of
elementary functions without division (although they can in a power series form). This observation sheds light
on the discussion in Section 3.2, where we discuss how if the degree of the commutator is not 0, 1 or 2, then
finding the exponential identity becomes more challenging. Thus, one of the reasons for this difficulty might be
related to the appearance of division by a power of A.

Example 6.2. If [B, A] = hA3, then the EI (with division) is given by

1—vV1-2h A2t
(A+B)t _ i Bt

This case is associated with Bessel polynomials [16]. Indeed, according to Krall and Frink [10], Bessel polyno-

mials {yn }nen, defined by

n

yn (@) = zn: mg)k - Z (";f) (2 — 1)l ¥,

k=0 =0

satisfy this generating function formula

= 1-vI=2at
> Sna(a) = =5
n!
n=0

Hence, the alternate expression for the EI (which requires no division):

2. (At)"
e(A+B)t _ z:o ( n!) Yn_1(hA)eBt.

Furthermore, the binomial theorem can be written as
(A+B)" = zn: (”) zk: (k -1 ”) (25 — 1)1 R AR+ | gk
k=0 k j=0 2j ’
which is at a change of index away from Theorem 6.1, indicating that we have found the following closed form:

Sa(n,n — k) = (” _21; k) 2k — ).
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7. Conclusion

In our research, we have developed exponentiation and general tools for exploring noncommutative algebra.
This approach enabled us to derive exponential identities and certain binomial theorems in cases where the
commutator [B,A] = f(A) takes the form of a polynomial of degree two or less. We also delved into the
potential absence of a normal ordered form when the commutator involves two variables, providing illustrative
examples to support our discussion.

We have shed light on an earlier theorem by Viskov [28], which serves as a powerful tool for solving numerous
problems in normal ordering. The antinormal form was proved via the new operator £. Viskov’s theorem
facilitated a connection between the exponential identity in cases where f is a monomial of arbitrary degree
and the normal ordered form of (AB)™ when f is one degree less, which was already documented [13,15,17].
This connection enabled the discovery of analogous formulas for both the exponential identity and the binomial
theorem.

Further generalizing these findings by increasing the degree of the arbitrary polynomial f appears to be a
challenging task, as discussed. Furthermore, exploring the case of a bivariate commutator remains an intriguing
yet somewhat enigmatic area of study. Extending the work outlined in Section 4 and in previous literature
[9,11,21,24,25] could provide valuable insights into noncommutative algebra.

Moreover, our definition of a noncommutative exponentiation and our analysis of its properties in Section 2.2
suggests an analogous study in noncommutative cases that should be related to some of the noncommutative
exponential identities that were derived here and in the past.

Finally, now that we better understand regular normal ordering, investigating g-analogues seems to be
another avenue of exploration. Investigating binomial theorems under conditions BA—gAB = f(A), as studied
in [2,11-13], could offer further depth to our understanding of g-calculus and noncommutative algebra.

Acknowledgement

I would like to thank M. Schork for his precious advice and for sharing one of the references, as well as the
anonymous referees that helped improve the quality of this paper.

References

[1] H. B. Benaoum, h analogue of Newton’s binomial formula, J. Phys. A. 31 (1998), L751-L754.

[2] H. B. Benaoum, (g, h)-analogue of Newton’s binomial formula, J. Phys. A. 32 (1999), 2037-2040.
[3] M. V. Berry, The Diffraction of Light by Ultrasound, Academic Press, 1966.
[4] P.

4 Blasiak, and Ph. Flajolet, Combinatorial models of creation-annihilation, Sémin. Lothar. Comb. 65

(2011), Article B65c.

[5] A. D. Bucchianico, and D.E. Loeb, Operator expansion in the derivative and multiplication by x, Integral
Transforms Spec. Funct. 4 (1996), 49-68.

[6] E. Clark, and R. Ehrenborg, The excedance algebra, Discrete Mathematics. 313 (2013), 1429-1435.

[7] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, Springer Netherlands,
1974.
[8] R. Diaz, and E. Pariguan, Quantum symmetric functions, Comm. Algebra. 33 (2005), 1947-1978.

[9] L. Dupays, and J.-C. Pain, Closed forms of the Zassenhaus formula, J. Phys. A. 56 (2023), 255202.

[10] H. Krall, O. Frink, A new class of orthogonal polynomials: The Bessel polynomials, Trans. Amer. Math.
Soc. 65 (1949), 100-115.

[11] V. Levandovskyy, C. Koutschan, and O. Motsak, On two-generated non-commutative algebras subject to
the affine Relation, in: Computer Algebra in Scientific Computing, Springer Berlin Heidelberg, 2011: pp.
309-320.

[12] T. Mansour, and M. Schork, The commutation relation xy = qyx + hf(y) and Newton’s binomial formula,
Ramanujan J. 25 (2011), 405-445.

[13] T. Mansour, and M. Schork, Commutation relations, normal ordering, and Stirling numbers, CRC Press,
Boca Raton, FL, 2016.

[14] T. Mansour, and M. Schork, On Ore-Stirling numbers defined by normal ordering in the Ore algebra,
Filomat. 37 (2023), 6115-6131.

[15] T. Mansour, M. Schork, and M. Shattuck, On a new family of generalized Stirling and Bell Numbers,
Electron. J. Combin. 18 (2011), P77.

[16] T. Mansour, M. Schork, and M. Shattuck, On the Stirling numbers associated with the meromorphic Weyl
algebra, Appl. Math. Lett. 25 (2012), 1767-1771.

ECA 5:1 (2025) Article #S2R4 20



Kei Beauduin

[17] T. Mansour, M. Schork, M. Shattuck, The generalized Stirling and Bell numbers revisited, J. Integer Seq.
(2012), Article 12.8.3.

[18] M. Miiger, Notes on the theorem of Baker-Campbell-Hausdorff-Dynkin, 2020.

[19] F. Olver, D. Lozier, R. Boisvert, and C. Clark, The NIST Handbook of Mathematical Functions, Cambridge
University Press, New York, 2010.

| R. Patrias, and P. Pylyavskyy, Dual filtered graphs, Algebr. Comb. 1 (2018), 441-500.
1] H. Rosengren, A non-commutative binomial formula, J. Geom. Phys. 32 (2000), 349-363.
| R. A. Sack, Taylor’s theorem for shift operators, Phil. Mag. 3 (1958), 497-503.

]

M. Schork, Recent developments in combinatorial aspects of mormal ordering, Enumer. Comb. Appl. 1
(2021), Article S2S2.

[24] A. Van-Brunt, and M. Visser, Special-case closed form of the Baker—Campbell-Hausdorff formula, J. Phys.
A. 48 (2015), 225207.

| A. Van-Brunt, and M. Visser, Ezplicit Baker—Campbell-Hausdorff expansions, Mathematics. 6 (2018), 135.
| O. V. Viskov, On the ordered form of a non-commautative binomial, Russian Math. Surveys. 46 (1991), 258.

7] O. V. Viskov, On the R. A. Sack theorem for translation operators, Dokl. Akad. Nauk. 340 (1995), 463-466.
]

O. V. Viskov, Expansion in powers of a noncommutative binomial, Tr. Mat. Inst. Steklova. 216 (1997),
70-75.

[29] O. V. Viskov, An approach to ordering, Dokl. Akad. Nauk. 57 (1998), 69-71.
[30] K. Yamazaki, Operator calculus in quantized field theory, Prog. Theor. Phys. 7 (1952), 449-468.

ECA 5:1 (2025) Article #S2R4 21



	Introduction
	Preliminaries
	Stirling numbers
	Exponentiation
	The commutator and the L operator
	Implications of the Baker-Campbell-Hausdorff formula

	The exponential identity and the binomial theorem with a quadratic commutator
	The preliminary case lambda=1
	The general result and its various limiting cases

	The case of a bivariate commutator
	A theorem from Viskov
	Commutator of the form of a monomial
	Normal ordered form of (AB)^n
	Binomial theorem

	Conclusion

