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Abstract: In this short note, we show that our approaches, in [4] and [7], concerning the composition,
inversion, and continuous iterates of normalized formal power series making use of sequences of polynomials of
binomial type and concerning the chain rule operation for cycle index series, can be unified as special instances
of a general “twisted” algebraic variant of the convolution operation added on suitable large monoid algebras.
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1. Twisted convolutions added to large monoid algebras

The general algebraic variant of the convolution operation which we will use is set within the context of large
monoid algebras. Let M = (M, ·, e) be a monoid with finite decompositions of order 2 (i.e., for every n ∈ M
there is a finite number of pairs (i, j) ∈ M ×M such that i · j = n) and let A = (A,+, ·, 0, 1) be a commutative
ring. The classical large A-algebra of the monoid M, A[[M]] = (AM ,+, ⋆, 0, δe), is the set of all families

f = (f(n))n∈M ∈ AM , written as formal sums of the form
∑
n∈M

f(n)n,

equipped with term-wise addition “ + ” and multiplication “ ⋆ ”, called convolution, defined by�

h = f ⋆ g ⇐⇒ h(n) =
∑
i·j=n

f(i) · g(j), (1)

with Kronecker δe = (δe(n))n∈M unit element, where δe(n) = 1 if n = e and δe(n) = 0 otherwise.

The variant of this algebraic kind of convolution which we will consider is defined as follows.

Definition 1.1. Let τ : M → hom(A,A) be a representation of the monoid M in the ring A. That is,

τ = (τi : A → A)i∈M such that τe = idA and τi·j = τi ◦ τj . (2)

The large A-algebra of the monoid M twisted by τ , denoted A[[M]]τ = (AM ,+, ⋆, ⋆τ , 0, δe), is the algebra
A[[M] together with an extra binary operation “ ⋆τ”, called twisted convolution by τ , defined by

h = f ⋆τ g ⇐⇒ h(n) =
∑
i·j=n

f(i) · τi(g(j)).

Remark 1.1. In A[[M]]τ , the binary operation “ ⋆τ ” does not replace “ ⋆ ” but is added as an extra binary
operation. So that A[[M]]τ is still an A-algebra (under +, ⋆, 0, δe). Twisted convolution is biadditive, associative
(using (2)) and δe is its unit element. Also, if we embed A in A[[M]]τ in the natural way (i.e. a = aδe), then
ab = a⋆τ b for a, b ∈ A. However, in general, a(f ⋆τ g) = (af)⋆τ g ̸= f ⋆τ (ag) for a ∈ A. This implies that “⋆τ ”
is only semi-bilinear. Technically speaking, this means that, contrarily to (AM ,+, ⋆, 0, δe), (A

M ,+, ⋆τ , 0, δe) is
not an A-algebra but only an A-module (or a “semi” A-algebra). Finally, if M is a commutative monoid, then
convolution “ ⋆ ” is commutative but twisted convolution “ ⋆τ” is not commutative in general.

*No AI tools were used in the preparation of this work.
�Of course, (1) is obtained by collecting similar terms in the formal expansion (

∑
i∈M f(i)i)(

∑
j∈M g(j)j) =

∑
i,j∈M f(i)g(j)i·j.
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2. Connections with the calculus of series

2.1 Twisted convolutions and composition of formal power series.

Consider the choices

M = N = {0, 1, 2, . . . }, the additive monoid of nonnegative integers,

A = C[t], the ring of complex polynomials in a formal variable t,

τ = (τi : C[t] → C[t])i≥0, the representation of N defined by τiP (t) = P (t+ i).

Then, since N is isomorphic to the multiplicative monoid ⟨z⟩ = {1, z, z2, . . . } generated by a formal variable
z, the elements of A[[M]]τ are infinite sequences of polynomials P = (Pn(t))n≥0, which can be encoded in the
form ∑

n≥0

Pn(t)z
n ∈ C[t][[z]].

In this case, for P = (Pn(t))n≥0, Q = (Qn(t))n≥0, R = (Rn(t))n≥0, the convolutions take the form

R = P ⋆ Q ⇐⇒ Rn(t) =
∑

i+j=n

Pi(t)Qj(t), n = 0, 1, 2, . . . (standard),

R = P ⋆τ Q ⇐⇒ Rn(t) =
∑

i+j=n

Pi(t)Qj(t+ i), n = 0, 1, 2 . . . (twisted).

Definition 2.1. A sequence of polynomials (Pn(t))n≥0 ∈ C[t] is said to be of binomial type if it satisfies�

P0(t) = 1, degPn(t) ≤ n, Pn(u+ v) =
∑

i+j=n

Pi(u)Pj(v),

for every n ≥ 0 and formal variables u, v. Let

B = {P = (Pn(t))n≥0 | P is of binomial type} ⊂ AM .

It turns out that (see [4])

B = (B, ⋆, δ0) is an abelian group under convolution “ ⋆ ”,

the inverse of P = (Pn(t))n≥0 is P−1 = (P−1
n (t))n≥0, where P−1

n (t) = Pn(−t),

Bτ = (B, ⋆τ , δ0) is a non abelian group under twisted convolution “ ⋆τ”,

the inverse of P = (Pn(t))n≥0 is P ⟨−1⟩ = (P ⟨−1⟩
n (t))n≥0, where P ⟨−1⟩

n (t) =
t

t+ n
Pn(−t− n).

Consider now the two sets of “normalized” formal power series,

U = {ϕ(z) | ϕ(z) = 1 + c1z + c2z
2 + · · · } ⊂ C[[z]],

S = {f(z) | f(z) = z + a2z
2 + a3z

3 + · · · } ⊂ C[[z]].

Of course, S = zU, and

U = (U, ·, 1) is an abelian group under product of series,

S = (S, ◦, z) is a non abelian group under composition of series.

The following result is the starting point of our analysis of continuous iteration of formal power series [4].

Proposition 2.1. The correspondences

ϕ(z)t =
∑
n≥0

Pn(t)z
n and

(
f(z)

z

)t

=
∑
n≥0

Pn(t)z
n

respectively induce group isomorphisms

U −̃→B : ϕ(z) 7→ (Pn(t))n≥0 and S −̃→Bτ : f(z) 7→ (Pn(t))n≥0.

In particular, we have the following version of Lagrange inversion,

Corollary 2.1. Let f(z), g(z) ∈ S and (f(z)/z)t =
∑

n≥0 Pn(t)z
n, (g(z)/z)t =

∑
n≥0 Qn(t)z

n, then

f ◦ g(z) = z
∑
n≥0

(P ⋆τ Q)n(1)z
n and f ⟨−1⟩(z) =

∑
n≥1

Pn−1(−n)

n
zn (inverse of f(z) under “ ◦ ”).

�This definition is slightly different from the original one in [8] in which they require the stronger condition degPn(t) = n.
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2.2 Twisted convolutions and chain rule for cycle index series.

Recall that the cycle index series of a combinatorial species F of structures is a formal power series, ZF , in
an infinity of variables x1, x2, x3, . . . , which gives an inventory of the cyclic types of the automorphisms of the
F -structures. More precisely, see Joyal [3] or [1], the cycle index series of F is defined in the following way:

ZF = ZF (x1, x2, x3, . . . ) =
∑
n≥0

1

n!

∑
σ∈Sn

fσ x
σ1
1 xσ2

2 xσ3
3 · · · (3)

where Sn denotes the symmetric group of degree n, fσ is the number of the F -structures on the set [n] =
{1, 2, . . . , n} for which σ is an automorphism, and σi is the number of cycles of size i in the permutation σ. The
n-tuple of integers (σ1, σ2, . . . , σn) is called the cyclic type of σ.

Many terms in (3) are repeated. Since, for n = i1 + 2i2 + 3i3 + · · · , there are n!
1i1 i1!2i2 i2!3i3 i3!··· permutations

in Sn having cyclic type (i1, i2, i3, . . . ), formula (3) can be rewritten in the more compact form

ZF (x1, x2, x3, . . . ) =
∑
n≥0

∑
i1+2i2+3i3+···=n

fi1,i2,i3,...
xi1
1 xi2

2 xi3
3 · · ·

1i1i1!2i2i2!3i3i3! · · ·
(4)

where fi1,i2,i3,... is the number of the F -structures on the set [n] for which any given permutation σ ∈ Sn of
type (i1, i2, i3, . . . ) is an automorphism. Cycle index series are important in enumerative combinatorics since
they are compatible with operations between species, F +G,F ·G,F ×G,F ′, F ◦G, in the following way

ZF+G = ZF + ZG, ZF ·G = ZF · ZG, ZF ′ =
∂

∂x1
ZF , ZF◦G = ZF ◦ ZG (5)

and reduce, by specialization of variables, to series enumerating labelled and unlabelled structures:

ZF (x, 0, 0, . . . ) = F (x) =
∑
n≥0

fn
xn

n!
and ZF (x, x

2, x3, . . . ) = F̃ (x) =
∑
n≥0

f̃n x
n,

where fn is the number of F -structures on [n] and f̃n is the number of F -structures on n indistinguishable dots
(i.e., number of isomorphism types of F -structures on n elements).

By extension, any series, a(x1, x2, x3, . . . ), of the form (3) or (4), with complex coefficients fσ or fi1,i2,...,in
will be called a cycle index series. Composition “ ◦” in (5) is called plethystic substitution and defined by

a ◦ b(x1, x2, x3, . . . ) = a(b(x1, x2, x3, . . . ), b(x2, x4, x6, . . . ), b(x3, x6, x9, . . . ), . . . ).

Consider now the choices

M = N∗ = {1, 2, 3, . . . }, the multiplicative monoid of strictly positive integers,

A = C{{x1, x2, x3, . . . }}, the ring of cycle index series in the variables x1, x2, x3, . . . ,

τ = (τi : C{{x1, x2, x3, . . . }} → C{{x1, x2, x3, . . . }})i≥1, the representation of N∗ defined by

τia(x1, x2, x3, . . . ) = a(xi, x2i, x3i, . . . ) = ai(x1, x2, x3, . . . ) (plethystic notation).

In this context, plethystic substitution can, of course, be written in the equivalent forms

a ◦ b = a(τ1b, τ2b, τ3b, . . . ) = a(b1, b2, b3, . . . ). (6)

The elements of A[[M]]τ are infinite sequences

a = (a(n;x1, x2, x3, . . . ))n≥1

of cycle index series, with convolutions of the form

c = a ⋆ b ⇐⇒ c(n;x1, x2, . . . ) =
∑
i·j=n

a(i;x1, x2, . . . )b(j;x1, x2, . . . ), (standard),

c = a ⋆τb ⇐⇒ c(n;x1, x2, . . . ) =
∑
i·j=n

a(i;x1, x2, . . . )bi(j;x1, x2, . . . ), (twisted).

Note that the gradient ∇a of a cycle index series a is an element of A[[M]]τ since it is an infinite sequence

∇a =

(
∂a

∂xn

)
n≥1

of the cycle index series. The following proposition shows that the chain rule operation for plethystic substitution
(introduced in [7]) becomes another instance of twisted convolution in A[[M]]τ .
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Proposition 2.2. Chain rule for plethystic substitution. Given two cycle index series a and b,

∇(a ◦ b) = ((∇a) ◦ b) ⋆τ∇b.

Proof. By (6),

∇(a ◦ b) =
(

∂

∂xn
(a ◦ b)

)
n≥1

=

(
∂

∂xn
a(b1, b2, b3, . . . )

)
n≥1

=

∑
i≥1

∂a

∂xi
(b1, b2, b3, . . . )

∂bi
∂xn


n≥1

, (7)

∂bi
∂xn

=
∂

∂xn
b(xi, x2i, x3i, . . . , xki, . . . ) =

{
∂b
∂xk

(xi, x2i, x3i, . . . , xki, . . . ) if n = ki

0 if n ̸= ki,

=

{
∂b

∂xn/i
(xi, x2i, x3i, . . . , xki, . . . ) if i |n

0 otherwise,
=

{
( ∂b
∂xj

)i if i · j = n

0 otherwise.

Finally, from (7),

∇(a ◦ b) =

 ∑
i·j=n

∂a

∂xi
(b1, b2, b3, . . . ) ·

(
∂b

∂xj

)
i


n≥1

= ((∇a) ◦ b) ⋆τ∇b.

The above kind of chain rule has been used in [6] and [7] to compute the cycle index series of various families
of combinatorial species. For example, let TR = XR(TR) be the species of R-enriched rooted trees (introduced
in [5]) and F be an arbitrary species. Then adapting Good’s [2] multidimensional inversion formula to the
present context, the coefficients of the cycle index series of the species F (TR) are given by

[xn1
1 xn2

2 xn3
3 · · · ]ZF (TR) = [tn1

1 tn2
2 tn3

3 · · · ]ZF (t1, t2, t3, . . . )
∏
i≥1

ρ(ti, t2i, t3i, . . . )ZR(ti, t2i, t3i, . . . )
ni , (8)

where ρ(t1, t2, t3, . . . ) = 1− t1
∂ZR(t1, t2, t3, . . . )/∂t1

ZR(t1, t2, t3, . . . )
. (9)

In particular, taking R = E (the species of finite sets) and F = X (the species of singletons), we have
F (TR) = T = the species of classical rooted trees. In this case, (8)-(9) give rise to the following extension [7] of
Cayley’s classical theorem stating that there are nn−1 rooted trees on n given points:

Let σ ∈ Sn be a permutation of [n] of cyclic type (σ1, σ2, . . . , σn). Then the number of rooted trees on [n] for
which σ is an automorphism is given by 0 if σ1 = 0 and otherwise by

σσ1−1
1

n∏
k=2

(
ϕσk

k − kσkϕ
σk−1
k

)
where ϕk =

∑
d|k

dσd.

3. Conclusion

The above framework provided a somewhat unexpected conceptual connection between two apparently different
constructions in formal power series calculus. More instances of the above kind of twisted convolutions in
combinatorics should be developed in the future.
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